KUL-TF-06/34 
IFIC/06-29 
FTUV-06/1216 
hep-th/0612210 

Special geometry for arbitrary signatures 

Maria A. Lledo", Oscar Macia*, Antoine Van Proeyen 1, and Veeravalli S. Varadarajan 

^Departament de Fisica Tebrica, Universitat de Valencia and IFIC, 
C/ Dr. Moliner, 50, E-^6100 Burjassot (Valencia), Spain. 

^Instituut voor Theoretische Fysica, Katholieke Universiteit Leuven. 
Celestijnenlaan 200D B-3001 Leuven, Belgium. 

^Department of Mathematics, UCLA. Los Angeles, CA 90095-1555, USA 

E-mail: Maria.Lledo@ific.uv.es, Oscar.Macia@ific.uv.es, 
Antoine. VanProeyen@fys.kuleuven.be, vsv@math.ucla.edu 

Abstract 

In this paper we generalize special geometry to arbitrary signatures 
in target space. We formulate the definitions in a precise mathemati- 
cal setting and give a translation to the coordinate formalism used in 
physics. For the projective case, we first discuss in detail projective 
Kahler manifolds, appearing in N = 1 supergravity. We develop a 
new point of view based on the intrinsic construction of the line bun- 
dle. The topological properties are then derived and the Levi-Civita 
connection in the projective manifold is obtained as a particular pro- 
jection of a Levi-Civita connection in a 'mother' manifold with one 
extra complex dimension. The origin of this approach is in the su- 
perconformal formalism of physics, which is also explained in detail. 
Finally, we specialize these results to projective special Kahler mani- 
folds and provide explicit examples with different choices of signature. 

Contribution to the handbook on pseudo-Riemannian geometry and super- 
symmetry, ed. V. Cortes, published by the European Mathematical Society 
in the series "IRMA Lectures in Mathematics and Theoretical Physics" . 
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1 Introduction 



Special Kdhler geometry is the geometry of the manifold spanned by the 
scalars of vector multiplets of D = 4, N = 2 supersymmetry. The rigid 
version, that occurs in supersymmetry without gravity, appeared first in 
Refs. [U E]. The construction for N = 2 supergravity appeared in Ref. [3], 
and it is called projective special Kdhler geometry. It played an important 
role in several developments of string theory. 

These first formulations offered a local point of view. For the rigid case, 
the condition for a Kahler geometry to be 'special' is the existence of a 
preferred set of holomorphic coordinates z\ called special coordinates in which 
the Kahler potential K. can be expressed in terms of a holomorphic function, 
the prepotential J 7 , 

g =J*L } £ = 23(1^**). (!) 

It is seen then as a further restriction on the metric, compatible with the 
complex structure. For the projective case, the original construction was 
based on superconformal tensor calculus and involves a projectivization of 
the manifold due to the extra vector field, the graviphoton, which does not 
have associated a scalar. In simple words, one has a rigid special manifold 
with a dilation symmetry and a non physical scalar, which is projected out 
by fixing the symmetry. 

The property of being a special Kahler manifold is then a purely geo- 
metrical one, and can be formulated independently of supersymmetry. It is 
given though in terms of a preferred set of coordinates. Although this local 
formulation is not incomplete (there has to exists an open cover of the man- 
ifold by special coordinates), it remains the intriguing question if there is a 
way of defining what is a special Kahler manifold with global statements, 
independent of coordinates. The first attempts were in Refs. [U EJ [6] . A set 
of equivalent definitions was found in Ref. [7] , and later on, a mathematical 
formulation appeared in Ref. [8]. 

One fundamental ingredient in the global approach is the existence of a 
certain flat symplectic bundle. Peculiar to Freed's formulation [8] is that the 
symplectic bundle is recognised as the tangent bundle, so the construction is 



intrinsic. In fact, the rigid case (see Definition 3.1 ) comes out very elegantly, 
and for this part we will follow closely Freed's work (with the exception of 
the pseudo-Riemannian case, which we will mention later). The projective 
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case is much more involved. We define a projective special manifold in terms 
of a rigid special manifold with a homothetic Killing vector (see Definition 



4.2). In this way, the definition is not only intrinsic but directly related to 
the way in which it is obtained in supergravity j3]. The point of contact of 
this definition with Freed's work is in his Proposition 4.6. 

So far as for Riemannian, special Kahler manifolds. Pseudo-Riemannian 
special Kahler manifolds^ are very relevant in supergravity. A physically 
sensible supergravity theory must have a positive definite target-space met- 
ric. From the conformal calculus approach it is known that in order to 
get such positive definite metric the rigid Kahler manifold before projection 
has to signature (2,2n). But pseudo- Riemannian special Kahler manifolds 
present an additional complication. Special coordinates are complex coordi- 
nates constructed from a set of flat Darboux coordinates (q l ,Pi) by taking 
the holomorphic extension of the g*'s (or, alternatively, of the p^s). They 
have then the prepotential property Q. When the signature of the metric is 
indefinite, this holomorphic extension does not always result in a set of n in- 
dependent holomorphic coordinates. There is a subclass of Darboux systems 
that have this property. It is important thought that one can always make a 
constant symplectic rotation to coordinates {q' l ,p'i) such that the g'*'s extend 
to special coordinates, so there is still a covering of the manifold by special 
coordinates. But not all flat Darboux systems are suitable to obtain special 
coordinates. As a consequence, the structure group of the bundle is reduced 
to a subgroup of the symplectic group. This was first observed in [12]. Nev- 
ertheless, flat Darboux coordinates which do not lead to special coordinates 
nor prepotential are very relevant. They were used to prove that one can 
break N = 2 supersymmetry partially to N = 1 [13] and not necessarily to 
N = 0, as it was thought before. This is an extremely important property 
for phenomenological applications. It is then one of the main motives of this 
work (which was missing in Ref. [8]) to generalize the construction of special 
geometry to arbitrary signatures. 

In another context, it has been recently shown [TJJ[T5j[T6] ^ na ^ re l a ting flat 
Darboux coordinates with the real central charges and attractor equations 



1 Note that all discussions on the signature in this work concern the signature of the 
Kahler manifold, i.e. the target manifold of the supergravity theory. This is unrelated 
to the signature of spacetime, which we keep Minkowskian to have the standard special 
geometries. Discussions on generalizations to Euclidean spacetime signature are in Refs. 
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would have a simplifying role in the description of the attractor mechanism 
of black holes in N = 2 supergravity (see Refs. p21 HHJ [19] for the attractor 
mechanism) . 

Pseudo-Riemannian, projective special Kahler manifolds appear also as 
dimensional reductions of supergravity theories in eleven dimensions and 
exotic signatures, obtained by duality transformations from the standard 
Minkowskian signature. These are the theories M* and M', in signatures 
(9,2) and (6,5) proposed in Ref. [20]. The pseudo-Riemannian special mani- 
folds arising in D = 4 are discussed in Ref. |21j . 



An important part of the work in dealing with projective special Kahler 
manifolds concerns in fact a more general class of Kahler manifolds, the so- 
called Kahler-Hodge manifolds]^] It was found in Ref. [22] that the Kahler 
geometries of N = 1 supergravity should be Kahler-Hodge. We propose 



an intrinsic definition of projective Kahler manifolds (see Definition 4.2), 
inspired in the conformal calculus approach used in physics. Then we show 
that they have integer Kahler cohomology class, so they are Kahler-Hodge. 

The paper is as much self contained as possible, so we have included 
vast review material. On the other hand, having in mind the connection to 
physics, we have tried to work everything out in coordinates, as to have the 
sometimes difficult translation between two languages, the physicist's and 
the mathematician's one, each of them with its own advantages. We have 
also taken time in explaining some examples, which may clarify the abstract 
definitions. 

The paper is organized as follows. 

In Section [2] we review basic material on complex and Kahler manifolds 
and Hermitian bundles. It is used extensively in the paper, so with it we set 
the basic notation. The reader can also skip it and come back to it punctually 
when some concept is called for. 

Section [3] is devoted to the rigid case. We start with some geometric 
preliminaries not included in Section [2] and then we take up the definition 
of rigid special Kahler manifolds. We follow the lines of Ref. [8] , explaining 
carefully how the formulas in coordinates are obtained from the abstract 
definition. Then we treat the pseudo-Riemannian case, giving some clarifying 



2 A Kahler-Hodge manifold is a Kahler manifold with integer Kahler cohomology class. 
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simple examples. We come back to Freed's treatment for the holomorphic 
cubic form, which will be used later on. 

Section [4] is dedicated to projective Kahler manifolds as a previous step 
towards projective special geometry. We introduce some concepts on affine 
transformations and homothetic Killing vectors and derive some of its prop- 
erties. This material is not new, but perhaps not so widely known, so it is 
fundamental to have it at hand. Then we define projective Kahler manifolds 
starting from a Kahler manifold Ai (with arbitrary signature) which has an 



action of C x (as well as other properties, see Definition 4.2). We then con- 
sider Ai = Ai/C x and construct the symplectic and the line bundles over it. 
The line bundle has a Hermitian metric induced from the Kahler metric on 
Ai (here the importance of the intrinsic approach), whose Ricci form turns 
out to be closed and non degenerate, defining then a symplectic structure 
(actually, a Kahler one). Since it is the first Chern class of a line bundle, the 
manifold is Kahler-Hodge. 

We then propose an alternative and beautiful way of understanding the 
Levi-Civita connection in Ai, directly induced from the one in Ai. It is a bit 
involved, but it really gives precious insight into the geometry of Ai. 

Section [5] is a brief excursion on the origin of projective Kahler geometry 
as it is seen from a model in physics. It is the simplest one to consider, and 
it does not include supersymmetry. Indeed, the ideas of conformal calculus 
are more general than their applications to supergravity. 

In Section [6] we impose on Ai the condition to be rigid special Kahler, 
then Ai will be a projective special Kahler manifold. The precise definition is 



Definition [O] and the consequences are analysed in the sequel. In particular, 
we obtain the holomorphic cubic form and then the formula for the curvature. 
We conclude with some examples, in particular the pseudo-Riemannian space 

SU(1,2) 



SU(1,1) x U(l)' 



2 Kahler manifolds 

This first section recapitulates the basic definitions on complex manifolds 
and Kahler manifolds in particular. It is essentially a summary of part of 
Chapter IX in Ref. [23] . It can be skipped by readers familiar with Kahler 
manifolds or used just to set the conventions. 
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2.1 Generalities on quasicomplex and complex mani- 
folds 



Let M. be a quasicomplex (or almost complex) manifold of dimension 2n, 
with J : TM i — y TM. the quasicomplex structure, J 2 = —1. 



Remark 2.1 



Suppose that M. is a complex manifold and that (z 1 , . . . £ n ) are complex 
coordinates on an open set U C M., = x J '+iy J '. Then, (x 1 , . . . x n , y 1 , ■ ■ ■ y n ) 
is a coordinate system in [/ and we have that 

□ 



dxi J dyi' \dyi J ~ dx^ 



Let T^M. denote the complexification of the tangent space at m G M.. 
We denote by T^fAi and T^Ai the eigenspaces of J at m with eigenvalues 
i and — i respectively. Then 

z = x -ux eT?fM, z = x + i jx e t^m 

for any real vector X G T m M. The operation Z i->- Z is a real linear 
endomorphism called complex conjugation. From now on we will denote the 
(complexified) tangent space simply as T m = T m Ai. 

Let T^ c denote the complexification of the cotangent space at m and T* c 
the complexified cotangent bundle of M.. Let uj G T*. The pull back, at each 
point m, of u through J, 

J*^ m (X)= Wm (JX), VXGT m 

defines an endomorphism 

J* : T* ->■ T*, 

with (J*) 2 = —1, which extends in the obvious way to the complexified 
cotangent space. The eigenspaces of eigenvalues i and — i of J* at m are 
denoted as 

^A 1 ' ^ and SP* = A * 1 ^ 
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respectively. One has that 



»1,0 
in 



n 



Since the exterior product space, Q r 
and fi^ 1 , Vl m has a bigrading 



Y? r =o ArT m C ' is generated by 



it 

in / j rn 
p,q=0 



q 

m ' 



and so has the space of complex forms 

n 



p,q=0 



Remark 2.2 



If M. is a complex manifold, as in Remark |2.1[ then 

1 



Tk° = s P an c 



-.0,1 



span c 



d_ 
_d_ 



d__.d_ 
2 \dxi dyi 

1 

2 + 



For the complex forms we have 

= s P an c {d^U = (dx J + idy J )| m }" =1 , 
fi m = span c {dz J | m = (dx J - idy j )\ m } n . =1 . 

The set of forms 

{dz jl A dz h A... dz jp A dz* 1 A dz h A... dz**}, 
1 < h < 32 < ■ ■ ■ jp < n, 1 < fci < k 2 < . . . k q < n, 

is a local basis of Q p,q . 

For a complex manifold one can prove |23J that the differential 
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Then we can define d : Q p > q ->• tt p+1 > q and d : fi p ' 9 ->■ fi p ' 9+1 as 

d = d + d, 

and since d 2 = we have 

d 2 = 0, <9 2 = 0, dod + dod = 0. 

A form oj G is said to be holomorphic if du = 0. A form u G f2 0,p is 
said to be antiholomorphic if du = 0. A function is holomorphic if 

Jj/ = o, ; = !,..- 

(respectively, antiholomorphic). A holomorphic vector field Z is a complex 
vector field of type (p, 0) such that Zf is holomorphic for every holomorphic 
/. Locally 

J = l 

with all the / J holomorphic. □ 

2.2 Hermitian metrics and Kahler metrics 

A Hermitian metric on a quasicomplex manifold .M with quasicomplex struc- 
ture J is a Riemannian metric g such that 

g(JX, JY) = g(X, Y), VX, YeTM. 

Every paracompact quasicomplex manifold admits a Hermitian metric. This 
is because for a given Riemannian metric h and a quasicomplex structure J 
we can obtain a Hermitian metric by setting 

g(X,Y) = h(X,Y) + h(JX,JY) VX,YeTM, 

g is extended to T c by linearity. It is easy to check that 

1. g(Z, W ) = for Z, W of type (1, 0), 

2- </(Z,Z) >0, 

3. g(Z,W)=g(Z,W). 

The fundamental 2-form of a Hermitian metric is 

$(x,y) = 0pr,jY) vx,YeTM. 

It is non degenerate at each point of the manifold. 
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Remark 2.3 Almost complex linear connections 

The torsion of a quasicomplex structure J is the tensor field (1-covariant, 
2-contravariant) 

N(X,Y) = 2{[JX, JY] - [X,Y] - J[X, JY] - J[JX,Y]}. 

A quasicomplex structure is said to be integrable if it has no torsion. This 
is equivalent to saying that the commutator of two vector fields of type (1,0) 
(alternatively (0,1)) is a vector field of type (1,0) (alternatively (0,1)). To 
see this, let Z, W be such that JZ = iZ and JW = iW, then if N(Z, W) = 
it is immediate that J[Z, W] = i[Z, W\. In the other direction, a real vector 
field can be always written as the sum X = Z + Z, where Z is (1,0) and 
Z is (0,1). Let also Y = W + W. Then it is immediate to prove that 
N(X,Y) = 0. 

A quasicomplex structure is a complex structure if and only if it is inte- 
grable. This is the Newlander-Nirenberg theorem [23]. 

We say that a linear connection is quasicomplex if the covariant derivative 
of the quasicomplex structure is zero (which is equivalent to being a connec- 
tion in the bundle of complex linear frames). Every quasicomplex manifold 
admits a quasicomplex affine connection whose torsion T is proportional to 
the torsion iV of the quasicomplex structure. □ 

In general, the Riemannian connection associated to a Hermitian metric 
is not quasicomplex. If it is so, then the quasicomplex structure has no 
torsion and the fundamental form is closed. The converse is also true: for 
a complex manifold, the Riemannian connection of a Hermitian metric is 
quasicomplex if and only if the fundamental 2-form $ is closed. (The proof 
of these statements can be read in Ref. [23], Chapter IX.) 

A quasicomplex manifold, with a Hermitian metric is a quasi-Kahler (or 
almost Kahler) manifold if the fundamental form is closed. 

Let A4 be a differential manifold. A symplectic structure on A4 is a 2-form 
$ such that 

i. It is closed, d$ = 0, 

ii. It is non degenerate: for every X G TA4, there exists Y G TKA such that 

$(x,r)^o. 

The couple (Xi,<&) is a symplectic manifold, and A4 has always even 
dimension. In any symplectic manifold, we have local Darboux coordinates 
defined by the following theorem: 
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Theorem 2.4 (Darboux) If M. is a symplectic manifold, dim.A/1 = In, for 

each m G M. there is a chart (U, (p : U — >■ R) such that (p(m) = and for 
u e U, 

<p(u) = . . . x n (u), yi(u), . . . y n {v)j and $ on the open set U is 

n 
i=l 

□ 

Notice that a quasi-Kahler manifold is a symplectic manifold, since the 
fundamental 2-form is non degenerate. If, in addition, the manifold is com- 
plex then it is a Kahler manifold. Moreover, let D be a Riemannian connec- 
tion, so Dxg = for every vector field X on Ai. We have that 

D X $(Y, Y') = D x g(Y, JY') + g(Y, {D X J)Y') = 0, (2) 

which means that the Riemannian connection is trivially a symplectic con- 
nection. 

The holonomy of a Kahler manifold of complex dimension n is a subgroup 
of U(n) ~ 0(2n) D GL(n,C), since the Riemannian connection is quasicom- 
plex. Here GL(n, C) is taken in its real representation 

One can prove that if the manifold is Ricci flat then the restricted holonomy 
group (that is, considering only parallel displacements along paths that are 
homotopic to a point) is contained in SU(n). 



Kahler manifolds in coordinates. On a quasicomplex manifold, we can 
consider the principal bundle of unitary frames, that is the bundle of complex 
frames that are orthonormal with respect to the Hermitian metric. Its struc- 
tural group is U(n). We will denote this bundle by U(A4). We want to give 
the metric, connection and curvature of a Kahler manifold in coordinates. 



Let A4 be a complex manifold, with Hermitian metric g and complex 



structure J. We use the notation of Remarks 2.1, and 2.2 and denote 



_d_ 



d_ 

dz 1 
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It is easy to see that 

9ij = g(Zi, Zj) = 0, g w = g(Z i} Zj) = 0, (3) 
and the only non zero components are of the form gy — g(Zi, Zj) = g^ sc[^] 

g = g^dz 1 <g> dz? + dz? <8> dz*) = 2g iJ dz i dz J . 
Since JiZ?) = iZi and J(Z i ) = —iZ^, the fundamental 2-form is 

$ = -2i ftj d^ A dz?. (4) 
If Ai is a Kahler manifold, the fundamental form is closed, so 



d$ = -2\{prdz k A dz* A dz? + -^dz* A dz { A d^l = 0, 
which implies 



.'// ; 9kj _ g 9i] _ 9ik _ g ^ 



dz k dz 1 ' dz k dz? 
These equations are the integrability condition for the existence of a real 
valued function fC such that 

dIC 

9 13 ~ ~d¥z~r 

For any real function fC, the tensor g^ satisfies (gij)* = gjt, and property (j5|. 
If it is positive definite, then it is a Kahler metric on jVI. So any Kahler 
metric can be written locally in this way. Notice also that /C is defined 
modulo a holomorphic function /, 

+ /(*)+/(*)■ 

K, is the Kahler potential 

We will denote by / an arbitrary index in {1, 2, . . . 2n} and by {x 1 } arbi- 
trary coordinates in Ai. Let Y = Y 1 -J^j = Y 1 dj be a vector field on Ai. The 
covariant derivative of Y with respect to a linear connection can be written 

as 



3 Note the conventions with factors for symmetric products and for forms. A symmetric 
product of forms a(3 is \{a ® (3 + /3 ® a). Similarly a wedge product is taken as a A j3 — 
\{a® ft- P®a). 
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where the Christoffel symbols T are 

t 1 ^ = (Djd K y. 

The Levi-Civita connection is the only torsionfree connection satisfying Dg = 
0. The Christoffel symbols are 

v k _ \ n KL ( d 9u , df?JL _ d 9Ji\ / R x 
LjI ~2 9 \dxJ + dx* dx L J- {b) 

For a complex manifold, we can extend the covariant differentiation to com- 
plex vector fields by linearity. We can then consider I = i for I = 1 , . . . n 
and I = n + i for I = n + 1, . . . 2n. The Christoffel symbols become complex, 
and it is easy to see that 

1 JK — 1 JKi 

where we have denoted I = I + n for I = i and I = I — n for / = n + i. 

A linear connection is quasicomplex if the complex structure is parallel. 
For J = idz^ <g> dj — idz^ £g> <9y this means 

= n D JS - ?acJd = o =► r% = ri = o. 

If the connection is torsionfree we have, 

T(X, Y) = D X Y - D Y X - [X, Y] = =► Y A BC = F$ B , 
so the only non zero Christoffel symbols of the quasicomplex connection are 

-pi -pi "P^_ T^l (1\ 

1 jk — 1 L jk ~ L kf \'J 

If the Riemannian connection is quasicomplex then the manifold is a 
Kahler manifold, and we have from ^ and ^ 

r} fc = r; s = (8) 

The curvature tensor associated to a linear connection is a 3-contravariant 
1-covariant tensor given by 

R(X, Y)Z = [D x , D Y }Z - D [XtY] Z, X,Y,ZeTM, 

and in components 

tdI _ f^LJ d^Kj\ | \^/ r M r i r M r / \ 
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It satisfies R 1 jkl = —R J jlk- 

If the connection is torsionfree, the curvature tensor satisfies the Bianchi 
identities 

R(X,Y)Z + R(Z,X)Y + R(Y,Z)X = 0, (9) 
D X R(Y, Z) + D Z R(X, Y) + D Y R(Z, X) = 0. (10) 

(If the torsion is not zero, then the Bianchi identities are modified by terms 
containing the torsion, see [23], volume I page 135.) 

It is immediate to see that a for a quasicomplex connection 

R jkl — 0, R l jM — 0) R?jM = 0; R % ]kl — 0- 
From (|sj> one finds that for a Kahler metric 

R % jkl = o, 

and the only components that can be different from zero are 
R l jkl = R % jki = 

R l jk£ — ~deY\ji R % jki = 9kT l 3 i, (11) 

and those obtained using the symmetry property R 1 jkl = —R Z jlk- The 
upper and lower line are related by complex conjugation. 

The Ricci tensor is the contraction Rab = R c acb- We have that 

Rij = Rij = 0, Rij = Ry = —djT ik = —dj(g ke dig k ij. 

Let G = det g^, then 

d.G = Gg k %g ki => R t - 3 = -d&log \G\. (12) 



Example 2.5 The complex projective space CP 1 

We consider the complex projective space of 1-dimensional subspaces in C 2 . 
Let z 1 ^ 2 be the natural coordinate system in C 2 , z % : C 2 — > C. They are 
complex linear maps. Let U\ be the set of subspaces S such that z 1 \s ^ 0. 
Then z 1 \s spans the dual space to S, so we may write 

z 2 \ s = t l z 1 \ Sl feC. (13) 
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Each equation as (13) defines a subspace in U\, so t 1 is a complex coordinate 
in U\. In the same way we can define U2 as the set of subspaces S such that 
z 2 \s 7^ 0. Then we have that 

z 1 \s = t 2 z 2 \ s , t 2 G C 

and t 2 is a complex coordinate in Ui- {{Ui, t 1 ), (U2, t 2 )} is a complex atlas of 
CP 1 . In the intersection U\ D Ui the gluing condition is 

2 1 

t — — 

We want to define a Kahler metric on CP 1 . On C/i and C/2 we consider, 
respectively, the following real-valued functions: 

/1 = C* 1 * 1 + 1), / 2 = (t 2 ? + i). 

It is easy to see that the two 2-forms defined by 

$1 = 4iaain/i = -k^dt 1 A dt 1 , $ 2 = 4i001n/ 2 = -4i^dt 2 A dP 

Jl J2 

coincide in the intersection, so they define globally a closed 2-form $. The 
Kahler metric is then 

g(X,Y) = $(JX,Y). 
One can see that it is positive definite by computing it in an open set: 

4 

ds 2 = r^rdtMt 1 . 

(1 + t 1 t 1 ) 2 

□ 



2.3 Hermitian line bundles and fiber metrics 

Hermitian fiber metrics are introduced here and will be used later, in Sec- 
tion |U The definitions and statements in this section can be found in Refs. 
[231 [25]. 

Let E — > Ai be a rank k complex vector bundle over the complex manifold 
Ai. Then the fiber at m G M, E m , is a complex vector space of complex 
dimension k. 
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Let us assume that the total space E has a complex structure, that the 
projection it : E — > Ai is a holomorphic map^\ between complex manifolds 
and that there is a local trivialization {Ua}a&i such that the maps 

and their inverses are holomorphic with 7r -1 (m) = E m « C h . Then we say 
that E is a holomorphic vector bundle over .M. 

Example 2.6 T/ie tangent bundle of a complex manifold. 

Let Ai be a complex manifold. Let (a;- 2 , j = 1, . . . n be coordinates on a 
neighbourhood U of m e Ai such that the complex structure on Ai is given 
by 

J {-L)=W J i£) = ~^ j = h-..n. (14) 
A vector on m is of the form 

V =Xi — + Yi — 

m m dxi m d y r 

The components X^Y^ are coordinates on T m (Ai). On 7r _1 (W) we have 
coordinates (x^, yi, X^, Y J ), and a quasicomplex structure on T7W is given 
by ([14]) and 

T (JL\-JL T fJL\-_JL -i 

ydXiJ'dYi* \dYi)~ dX*' J~^--- n - 

The quasicomplex structure is integrable and we have complex coordinates 
on Ti-\U): 

( z i = x i + iyi, Z j = X j + \Y j ). 
TAi is a complex manifold and a holomorphic vector bundle over Ai. □ 

A fiber metric on a vector bundle -E — > Ai is a smooth assignment of an 
inner product on each fiber 

h m '. E m x E m — y M.. 



4 That is, a map preserving the complex structures. 
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If the fiber has a complex structure J m we require that the inner product is 
Hermitian, 

h(JX, JY) = h(X, Y) VX, Y G E m , 

and we say that E is a Hermitian vector bundle. 

A connection V on E is metric if Vft = (the connection is extended to 
E* £g> E*). If the bundle is holomorphic, we can ask the covariant derivative 
of a holomorphic section to be holomorphic, 

Vs G ^l lfi (E) for s holomorphic. (15) 



There is a unique metric connection satisfying (15); it is the Hermitian con- 
nection of the Hermitian vector bundle (see for example Ref. [23J). 

Let {s a } a= i,„,k be a holomorphic frame of the bundle E on a neighbour- 
hood U of m G M. (that is, k independent local sections) and {a a } the dual 
coframe. The connection 1-form on U, for a connection satisfying ((TBI), is 



(Vs 6 ) = T a b s a = Tfbdz* ® s a , z = l,...n, a, 6 = 1, . . . fc, 
so the covariant derivative of a holomorphic section s = a a s a is 

Vs = (0 ia a + r i ° 6 o b )dz < ® s . 
The hermiticity of the fiber metric means 

ft, = 2h a ia a a b } 
and the condition for the connection to be metric is 

d t h ai - IYA 5 = o r t \ = h a %h- cb , (16) 

where h ac is the inverse matrix of h a5 . The curvature is then 
R a bij = —h ac didjhbc + h ac h de dihbedjhdc- 

We can define the Ricci form of the Hermitian bundle as the trace of the 
curvature tensor, 

p = -2ii? a aij -dz i A dz j . 

If E is a Hermitian line bundle, that is, it has rank 1, then the metric is 
just 

h = 8(z, z)aa, 

and the Ricci form becomes 

p = -2i<9<91og \6\ = -2ididj\og |0|dz* A dz 3 . (17) 
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3 Rigid special Kahler manifolds 



In this section we will deal with rigid special Kahler geometry, or simply 
special Kahler geometry, as opposed to projective special Kahler geometry, 
which will be the subject of Section |6j 



3.1 Some geometric preliminaries 

This part is inspired in the second chapter of Ref. |26j . 

Let E be a vector bundle over Ai with a connection V. For every vector 
field X of M. (section of TA4), V sends sections of E to sections of E, 

V X :T(E)^T(E). 

Let Q P M (E) = A P (M) <g> T(E) be the space of E -valued p- forms on M, with 
n^(E) = T(E). We are going to define the covariant differential dy : 
n? M (E) ->■ ^m (E). For 0-forms we define 

n%(E) q} m [e) guch that d ^ F(x) = y ^ x e TM 

F ► d v F 



This definition can be extended to VL P M (E), 

F > d v F 

assuming the condition 

d v (a A F) = da A F + {-l) p a A d v F, 

for a G A p {M) and F G Q g M (E). For example, if F G ^(-E), locally 
F = dx l ® oti = dx l A ttj with a, G fi^(-E'), so 

d v F(X, y) = -dx l A d vai (X, K) = - (JTVyOi - l^V^ai) • 

If A j = A^jdx^ 1 is the 1-form connection matrix in an open set U C M, 
then 

(d v F) 7 = dF 1 + Aj A F J , 
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from which it is easy to deduce the standard transformation rule under a 
local fiber (gauge) transformation 

F' = UF, (d v F)' = Ud w F, A' = -dUU' 1 + UAU' 1 , 

where (d\>F)' = dF' + A'F' . Differently than for the ordinary differential, 
dy is not zero in general. In fact, 

(dlF) 1 = (dA ! K + A J j A A J K ) A F K — R* K A F K , 

where R is the (Lie algebra valued) curvature 2-form associated to the con- 
nection. A flat connection then defines a complex. The de Rham complex is 
associated to the trivial connection on the trivial bundle E = M. x V. 

It is easy to check the Bianchi identity dy-R = 0. In the associated 
bundle with typical fiber the Lie algebra, the group acts with the adjoint 
representation. The covariant differential in such bundle is then 

d v i?j = dR J j + A f K A Rf — A^ A R l K = 0. 

3.2 Definition of rigid special Kahler manifolds 

Here we follow the first section of Ref. [8]. 

Definition 3.1 Let Ai be a Kahler manifold with Kahler form $ and com- 
plex structure J. A special Kahler structure on M. is a real, flat, torsionfree, 
symplectic connection V satisfying 

d v J = 0. (18) 

□ 

J is seen here as a 1-form with values in the tangent bundle TA4, and the 
covariant differential must be interpreted in the sense described in Section 

cm 

As we have seen, a Kahler manifold is always symplectic, being the Kahler 
form $ its symplectic form. On a symplectic manifold, a linear connection 
V is said to be symplectic if 

V$ = 0. (19) 

We want to see what is the meaning of the ingredients in this defini- 
tion. We first examine the implications of the existence of a flat, torsionfree 
connection. 
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Let U be an open set, with coordinates {x 1 }^^ and a (matrix-valued) 
connection 1-form Af" = A ML dx M . 

Due to the flatness condition, dy = 0, so a dy-closed form is locally 
dy-exact. 

Let 11 be the identity endomorphism in TAA. It can be seen as a TAi 
valued 1-form, U = di (g> dx 1 . The torsionfree condition can be expressed as 

d v U = (d v ll) K d K = A K LM dx L A dx M ®d K = ^ A« M = A K ML . (20) 

A local frame on TM on U C opC n M is a set {£ Q = ^^}«=i °f 2n local 
sections of TU C T.M that are linearly independent for each point x G U . 
Since the connection is flat (the curvature tensor is zero), there exists a flat 
frame, that is, 

Vj£ a = for J = 1, . . . 2n, or equivalently, dv£« = 0. (21) 



This is because the integrability condition of (21) is 

d^ = R I K A^d I = Q 

for the 2n independent sections £ a , which implies necessarily that i?^ = 0. 
Let 9 a = 9fdx be the dual coframe, that is a {£p) = 8g. We have that 

Then we can express 
and 

d v ll = dvrA( a -0 a Adv( a = O d v Q = d0 a = O. 

This means that 8 a = dt a for some functions t a . Then £ Q = d/dt a and 
t a are local coordinates on [/ called flat coordinates. 

Up to here, we used the fact that the connection is real, flat and tor- 
sionfree. We introduce now the additional condition that the connection is 
symplectic, that is, Vj$ = 0. We denote the symplectic matrix as 
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The coordinates t a are Darboux coordinates if 

H£ a ,&) = P a p, so $ = l -P aP dt a a dt 13 . 

It is possible to choose the flat coordinates t a in such a way that they are 
Darboux. This is because 

= Vi($)(£a,&) - $(V^ a ,^) - $(^V;^) = 0, 

so $(Ca 5 C/3) is a constant (antisymmetric, non degenerate) matrix which can 
always be brought to the form (22) by a linear change of coordinates. 

We see that the existence of a flat, torsionfree, symplectic connection on 
M. is equivalent to having a covering by flat Darboux coordinates (it is also 
said that M. has a flat symplectic structure). If are also flat Darboux 

coordinates, we have that the transition functions satisfy 



since 



This implies 



V n d^ = V t T^ = 0. 

dq a 



with Ap and c a constant. It follows that A G Sp(2n). 



Let us now consider the condition (|18j). In arbitrary coordinates 
it becomes 

J = j I d 1 = J l K d I ® dx K , (d^J) 1 = dJ* + A[A J l = 0, (23) 
which in components reads 

-APmJn ~ 9nJm) + ^{^-mlJn - a nlJm) = 0- 

(The factor 1/2 appears when M and iV are arbitrary, so each strict com- 
ponent is counted twice). This implies, assuming that the connection is 
torsionfree, that 

4 = 4 = 0. (24) 
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The connection V is a linear connection (a connection on the frame bundle 
of A4), so one can compute 

(V 7 J)f = 0,J* + Af M J™ - Af L J«. (25) 

The condition V/ J = together with the torsionfreeness implies, in addition 
to J24|) that 

4'- - = a t = n 

mn mn w ' 

If the connection is torsionfree and V/J = then we have that dy</ = 0, but 
the converse is not necessarily true. Then the flat symplectic connection is 
not necessarily complex. 

The complex structure can be written locally in terms of the complex 
coordinates {V}" =0 as 

J = i(d z3 g> dz j - d- z j g> d&) = i(vr( 1 '°) - 7T (0,1) ), 

where 

Tr(i.o) = ^ <g> d^ and t^ ' 1 ) = <9 2 -j <g> d2 J (26) 

are the projectors onto the TA^ 1 ' -* and TAd^ ' 1 ^ spaces respectively. The 
condition d\/J = 0, together with the torsionfreeness, is equivalent to 

cW 1 ' ) = 0. 

Indeed, one can also write 

U =7r (i.o) + 7r (o,i) j (27) 

and the torsionfree condition was expressed as dyl = 0. 

Using the Poincare lemma, dv^ 1,0 ) = implies that locally there exists 
a complex vector field x such that 

Vx = dvX = vr (1 ' 0) , 

which is unique up to a flat complex vector field. 

Let {x- 7 , Z/j}™=i be a flat Darboux coordinate system, that is, 

$ = d^Ad % , and dv(^)=0, d v (J£j = . (28) 
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In this coordinate system we denote 

1 
2 



X 



V — ~ A,- 



(29) 



where rj 3 , Xj are complex functions (x is a complex vector field). Taking the 
itial 

" (1 ' 0) " dvx 



covariant differential and using ( 28 ) we obtain 

1 f . , d 
2 



7T 



dr^ 



9x J 



5 



(30) 



7r( 1,0 ) is a (1,0) tensor, so it follows that and Xj are holomorphic functions. 
Taking the real part of this equation we have, using (27), 

1 



1 = - 
2 2 



5 



_d_ 



(31) 



so we can identify 

M(dr] j ) = dx 3 , R(dAj) = -d % -. (32) 
Together with the condition that rf and Aj are holomorphic, we have that 



drj 3 = dx 3 — iJ*dx 3 , 



dXi 



-dyj + U*dyj 



(33) 



We want to see under what conditions the sets {rj 3 } and {Xj} are sets of 
complex coordinates. Let {z 1 , ...,z n } be complex coordinates with 



d_ 







dz l dz l ' 



dz l = df ' + idu 1 
d d_ 



d_ 
dz 1 

d_ d_ 

dz 1 dz 1 



d_ 



d 

l a7 



(34) 
(35) 



We have 

dt] 3 = a 3 \(z)dz\ dXj = f3ji(z)dz l . 

the projector on the space of holomorphic vectors. This means that 
it kills all the antiholomorphic vectors and its image is the set of all the 
holomorphic vectors. Using (30), (34) and (35) we have 

d 



7T 



(1.0) 



7T 



(1,0) 



d_ 
d 



If x d__ R _ 
2\ aj dx l Plj d Vl 
d „ d 



1 i ° a 



'dyi 



(36) 
(37) 
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The set {d/d£ l ,d/du } forms a basis of the tangent space, so the vectors in 



(36) and (37) are linearly independent. This implies that the 2nxn matrix 



(a 



(38) 



has rank n (the superindex T indicates the usual transpose). From the 
set of 2n functions (rf , Xj) we can always select n independent holomorphic 
functions that form a set of holomorphic coordinates. 

From the fact that the symplectic form $ = dx* A dyj is of type (1,1) and 



using (32) and (35) in (28), and compare with (J2]), we obtain as conditions 
for a and (3 



-a T /3 + f3 T a = 0, 



fa - a r (3 



*g, 



(39) 



where g is the n x n matrix g^. 

These are the equations that we can obtain in general where we have not 
used any information on the signature of the metric. 



3.3 The signature of the metric 

Let us first assume that the metric is positive definite (Riemannian metric). 
We want to show that a itself has rank n. Suppose that rank(a) < n. Then, 
there exists a holomorphic vector c such that 

a\{z)c\z) = 0. 



But then (3jic l (z) ^ 0, since otherwise the total rank of the matrix (38) would 
be lower than n. This means that there exists a non zero, holomorphic linear 
combination of the vectors {d/dy k }, namely 

d 

= ^2 d k(z)—^0, Cj(z) = (3 jk c k . 
Then, as 7 has only y-components, 

= $( 7; 7) = gfo Jj) = ^ _} 7 ) = -ig( 1} 7). 

For a Kahler manifold (with positive definite metric) 

0(7,7) = ^7 = 0, (40) 
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so we have a contradiction and a must have rank n. Looking now to (35) we 
can conclude that {rjj} is a set of holomorphic coordinates. 

In the same way we can prove that (3 has rank n so is also a set of 
holomorphic coordinates. 

Remark 3.2 Symplectic transformations (Riemannian case). 

One can see independently that a real symplectic transformation cannot 
change the rank of a and (3, provided they satisfy the following conditions: 

1. a and (3 have rank n. 

2. -a T /3 + f3 T a = 0, 

3. (3 T a — a T (3 = 8ig, where g is the n x n matrix g^. 



In our case, conditions 2. and 3. were obtained in (39). 
Let us first introduce the vielbein for the metric 



9 
, T 



E 



E 
E 



E 



T 



E 



e 
e 



ee 



We can define 



a 



2c/e T , 



so we can express 2. and 3. as 
2. -a' T (3' + P' V = 0, 



3. -a"/?' = 2il. 

Let us denote a' = a' Q + ia[ , (3' 
the matrix 

S ° = \P'o Pi 
Then properties 2. and 3. are equivalent to 



(3 = 2(3 e 



,5q + if3[ with and /3- real. We define 



o 



1 

-a o 



Sn 



u 

-1 



(41) 



(41) means that So is a symplectic matrix, S G Sp(2n, M). 

We are ready now to prove the statement above. We have that 
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We assume that rank(a') = rank(/3') = n and that (41) holds. We want to 
prove that 

for S = f4 T\e Sp(2n,R), the matrix = S 

is such that rank(d) = rank(/3) = n. Let us write 

^ (/?') = ^ S ° S ^ (/?') = S (ill) ' with S = $ S o- 
S is an arbitrary matrix in Sp(2n,M), so all we have to prove is that 

n\ [A B\ ( II \ / A + iB" 



S \i^) \C DJ \m J \C + iD 
is such that rank(A + iB) = rank(C + iD) = n. We consider the matrices 
M = i(A + iB), N = (C + iD). 

We have that 

A = M^N = II - iA H , A h = A T C + B T D, 

since S is a symplectic matrix, 

A T C = C T A, B T D = D T B, A T D - C T B = 11. 

The matrix Ah is therefore also symmetric, and can be diagonalized such that 
A is diagonalized with eigenvalues of the form (1 + ia) ^ 0. The determinant 
of A is the product of its eigenvalues, so it is different from zero. This implies 
that det M^O, det iV ^ 0, so our statement is proven. □ 

Remark 3.3 Symplectic transformations (pseudo-Riemannian case). 

If g has pseudo-Riemannian signature, there are symplectic transformation 



changing the rank of a and (3 satisfying 1 to 3 in Remark |3.2| It is enough 
to give one of such symplectic matrices. First we realize that, as before, 
conditions 2 and 3 can be put as 

2. -a' T (3' + 0' V = 0, 
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3. f3' T a' -a' 1 f3' = 2i V , 

where 77 is the flat pseudo-Riemannian metric. For definiteness, let us assume 
that the signature of 77 is {n — 1, 1) (the other cases can be obtained in the 
same way). We take 77 in the standard form 



iTol 



/l 








1 
















1 



1 
0/ 



11 and the vielbein is defined accordingly. We have that the matrix 



S 



a Q a\rj 



is a symplectic matrix, condition that is equivalent to 2 and 3. Also, we have 
that 



Sn 



so we can bring 

formation Sq . 
matrix 



to the standard form 



It is enough to consider the n 



with the symplectic trans- 
= 2 case. The symplectic 



(I 








o\ 











-1 








1 





Vo 


1 





0/ 



has the property 



S 



S 



/l 0\ 

1 

i 

\i 0/ 



/ 1 o\ 

-i 

i 

\0 1/ 



a" 



with the property that det a' = det (3' = 0, as we wanted to show. The proof 
in the remark 3.2 is not valid here because the real part of A, determined by 
(A + iBrj) and (C + iDr/), would be zero. 



27 



□ 



We consider now a pseudo-Riemannian metric (pseudo-Kahler manifold). 

In 

: 



Notice that in this case (40) is not true since we can have null vectors. 



fact, assume that we have a holomorphic vector field 7 such that $(7, 7) 
and let us consider the vectors 



± 



7 ±7. 



Since g is of type (1,1) and $(7,7) = — 1*7(7, 7) = 0> each one of the terms 
below is separately 0, 

g(N ± , N±) = (7(7, 7) + g(fy, 7) ± Ml, l) = 0, 

and then N + and iN_ are null, real vectors. On the other hand, if N is a null, 
real vector, its holomorphic and antiholomorphic extensions 7 = N — iJN 
satisfy (7(7,7) = and thus $(7,7) = 0. We will treat the case of special 



pseudo-Kahler manifolds in section 3.5 



We have thus proven in this section that for a positive definite metric, 
the matrices a and (3 are each of rank n. When the metric is not positive 
definite, this proof breaks down due to null vectors that may be zero modes 
of these matrices. However, these matrices might even then still be invertible 



(see the example in Section 3.6). In fact, in Ref. |7j it is proven that with a 
symplectic rotation we can always bring a to be non degenerate. A sketch 
of the proof is given in Appendix |A} 



3.4 The prepotential 

We come back to the positive definite metric, or, at least that a and (3 are 
invertible. Then {^• J }" =1 and {Aj}™ =1 are called conjugate coordinate systems. 



Eqs. (26) and (35) then imply 



7T 



(1,0) 



from which, comparing with (30) 



d _d_ 
dxi 3k dy k 



_d_ 
dr\i' 



drji 



(42) 
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The Kahler form is 



1 



$ = dx J A dyj = --(drf + dif) A {r jk dr] k + r^dr/ fe ). 
Since it is of type (1,1), it follows that 

Tij = Tji, (43) 

so 

$ = -drf A drfinj - %). 
Comparing to Q, we see the metric and the Kahler form become 

9ij = $ = l&faW A drf . (44) 



Because of (43), there exists a local holomorphic function, determined up to 



a constant, such that 

^ = - V' r " = ~ 8 w (45) 

J 7 is called the holomorphic prepotential. In terms of it, the Kahler potential 
becomes 

/C = -^(W)=2^(g^. (46) 

The coordinate system {t7 j }" =1 is a special coordinate system. 

In the particular case in which Tjk = i^, then r/- 7 = x- 7 + h/j, and 

$ = ^drf A dff, 
so the manifold is locally isometric to C". 

Recovering the flat connection. A structure of special geometry can be 
given, in an open set, by a holomorphic function J-(rj) such that Q^Ty) with 



Tij as in (45), is a non singular, negative definite matrix. The holomorphic 
coordinates are declared to be special coordinates. From the knowledge of T 
we can recover the flat symplectic coordinates 

x l = Vj = — 3^(Aj) = 83? (^) 
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(up to a constant) and also reconstruct the symplectic section 



X 



_d_ 

dx l 



X '3v, 



In the flat coordinates the coefficients of the flat connection are zero (that 
is, the covariant derivatives are usual derivatives). If we want to use the 
holomorphic coordinates, these coefficients are not zero anymore. We want 
to compute them in the coordinates [f] 3 ). In order to do this, we perform the 
coordinate change so the connection transforms as 



A' = A + A dA 



with A = and 



dx 
dy 



A 



di] 
dfj 



n i 



-T 



dr] 
dfj 



A and A' are considered here as matrices A 1 j, r is r^ and Ajj is written in 
terms of blocks of size n x n. We have 



Then 
A' 



A- 



A _1 dA 



-fir 



-13 
P 



P 

~P 



dr 



P 



-P 

P 



r - t 



dr, 



dr,-. 



: l 9 



dr. 



'j 



dv\ (47) 



with A' 



4 4 

A' 3 A' 3 



From this expression one can check that conditions (24) are satisfied. 

Let us compute the covariant differential of a vector with only holomor- 
phic components, H = Wdjdrf. Notice that, acting on such vector, only 
the first term in (47) contributes, so 

d 



WH = (V^drr 1 
= diWdrf 
= diWdrf 



drf 



, + (V^)dr/ 4 



d_ 
dr) 3 



+ A'iH" 



+ diWdrf 







drf 
d 

® : 

dr] 3 



d 
drf 

+ A' 3 H k 
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Example 3.4 77ie flat metric on C n 

Let z 1 , . . . ,z n be the standard coordinates in C n . To have a rigid special 
Kahler structure it is enough to give a holomorphic function T[z x , . . . , z n ) 
such that the matrix 

\dz l dz^ 

is positive definite and non degenerate. If we take 

F=\i((z i y + ..- + (zn 2 ), 

we obtain the flat metric on C™ 

9i] — 0~ij- 

□ 

Example 3.5 The upper half plane 

In one complex dimension, we consider the holomorphic prepotential 

1 3 

giving the metric 

ds 2 = ^s(ri)dr]dfj, 
which is positive definite and non degenerate on 

{r] G C/Sfa) > 0}. 

From T we can recover the symplectic coordinates 



x = X(ri), y = 8^[ — ) = -ft(^). 
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denoting rj = x + ip, we have that y = p 2 — x 2 and 

= p = + ^/y + x 2 , y>-x 2 , 
from which the metric reads 



2 A(y + 2x 2 )dx 2 + dy 2 + 4xdxdy 
ds = ; / . n • ( 49 ) 



x 2 



This metric is not the Poincare metric on the upper half plane. From (12) 
we can see that it has non constant curvature 

i 

R 



4(3(??)) 3 ' 

□ 



3.5 The pseudo-Kahler case 



As we have seen at the end of section 3.3 that in the pseudo-Kahler case we 
cannot conclude the independence of the if, so they may not form a complex 
coordinate system. Nevertheless, the 2n x n matrix (a T , — (3 T ) has still rank 
n, so at each point we can always perform a linear transformation A 



dr/ 
dA' 



.4 



dr/ 
dA 



(d*), 



such that the matrix 



.4 



has a' of rank n. Moreover, the linear transformation A can be chosen as 
a transformation of the symplectic group. A proof of this fact is given in 
Lemma Al in Ref. [7]. We reproduce a sketch of the proof and some further 
comments in Appendix [A] Lemma A.l and Remark A. 2 



The conclusion is that there exists a locally finite covering by flat Darboux 
coordinates such that in each open set the matrix a has rank n and then the 
functions 77, are a system of complex coordinates. These will be also called 
special coordinates. The calculation of the prepotential in these coordinates 
follows as in section I5T41 
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The lesson to learn here is that, unlike the Kahler case, in the pseudo- 
Kahler case not all the Darboux coordinates are suitable to construct spe- 
cial complex coordinates, but one can equally cover the manifold with spe- 
cial coordinates. These systems of special Darboux coordinates transform in 
the intersections between charts with matrices belonging to a subgroup of 
Sp(2n, R), the subgroup that preserves the maximal rank of the block a in 
the 2n x n matrix 

v < 

It is easy to determine this subgroup. First, we notice that the matrices 
form a subgroup, and this subgroup is maximal (we relegate the proof to the 



Appendix, Lemma A. 3). For matrices of this form, we have that det A ^ 0, 



so the rank of a is preserved. On the other hand, as we proved in Remark 



3.3 , there exists always a symplectic transformation that does not preserve 
the rank of a. The conclusion is that the flat symplectic structure of the 
tangent bundle is reduced to the subgroup of matrices 



A 

c {A T y l 



C Sp(?v 



3.6 A special pseudo-Kahler manifold 

Let (z 1 ,^ 2 ) be holomorphic coordinates on C 2 and consider the prepotential 

1. 



1~2 



then 



J- = —-iz z 



d 2 T /0 i\ ./0 1 



9 » ~ ^Vv) ~ 4 [i o 
ds 2 = 2g iS dz i dz> = --^(ryJdzM^ = ~ (dz 1 ^ 2 + dz^z 1 ) 



33 



which clearly has signature (2,2) (null vectors always come in pairs, one 
holomorphic and one antiholomorphic). The Kahler form is 

$ = -2i^ i5 d^ A dz j = ^(r^dz* A dz j = ^(dz 1 A dz 2 + dz 2 A dz 1 ). 
Let us denote 

z 1 = x 1 + iy 2 , z 2 = x 2 + iyi, (50) 

the real and imaginary parts of the complex holomorphic coordinates. These 
are the Darboux coordinates of (28). Then the Kahler form takes the stan- 
dard form 

$ = da; 1 A dyi + dx 2 A dy 2 , 

so (x % , yi) are symplectic coordinates. For these symplectic coordinates, there 
is associated a special holomorphic system of coordinates, just as in the 
Riemannian case. 

We want to show now that not all the symplectic coordinate systems 
have this property when the metric is pseudo-Riemannian. Let us make the 
following symplectic change of coordinates, 

/i i n i i 2 

x = x , x = y 2 , 2/i = 2/i, y 2 = -x , 

with z 1 = x' 1 + ix' 2 , z 2 = -y' 2 + iy[. (51) 

We have 

(10) ® & \ 2 1 ( ® ® 

dz 1 2 ydx 1 dy 2 J 2 \dx 2 dy 1 



1 f d d d d 
- (dz 1 ® — + dz 2 ® — - idz 2 idz l — 

2 \ ox 1 ox z ay 1 ay 



Comparing this equation with (30) 



dr] 1 = dz 1 , dAi = idz 2 , 
drj 2 = dz 2 , dA 2 = idz 1 , 



and thus, following (35) 



T i 1 \ T . f 1 



a = I 1 ' =i \ 1 
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We can use the new variables (x',y') defined in (51) to calculate (77', A') 



^(1,0) =dz i®l 



d . d 
— 1- 



2 \dx n dx' 2 



+ dz 2 



d . d 
— 1- 



dy' 2 dy[ 



(53) 



Comparing this equation with (30) 

dr/ 1 = d^\ 
dr]' 2 = -idz 1 , 



d\ n = idz 2 , 
d\' 2 = dz 2 , 



then 



a 



IT 



1 -i 




IT 





1 1 



We compute now the null vector, following the general case explained at 



the beginning of Section |3^3j Let c = (ci, c 2 ) be such that 

= (0,0) ^ 



ca 



IT 



(ci,c 2 ) 



1 -i 




Ci = 0. 



For any c = (ci, c 2 ) we have that 
c(3' T = (ci,c 2 ) 





1 1 



1), 



so (0, c 2 ) is not a null vector of (3' T . The vector 7 and its complex conjugate 
7 are then 

- -JL JL 

^ dz l dz 2 ' 











7 



dz 1 dz 2 



Then 



$( 7; 7) = -i(d^ 1 A dz 2 + dz 2 A dz 1 )(7 ® 7) = 0. 



(54) 



3.7 The holomorphic cubic form 



Let M. be a rigid special Kahler manifold. We want to compute the difference 
between the Levi-Civita connection D and the flat connection V. Using the 
same notation as in Ref. ED, we define the tensor B K as 



B R = V - D, B R e Q\M, End R TM). 



35 



Since both connections are symplectic, = and V$ = (see (J2j) and 
(19)), we have that 

d v ($(v,w)) = V u ($(v,w)) = $(V u (v),w) + $(v 1 V u (w)), 
d v ($(v,w)) = D u Mv,w))=$(D u (v),w)+$(v,D u (w)), (55) 
= $((B R ) u (v),w) + $(v,(B R Uw)). 

This says that the endomorphism (B R ) U , for arbitrary u, is in the Lie algebra 
sp(2n, R) defined by $. In components, using Q and @, we get 

B K = V-L> = - r£.)d77* ® V ® ^ + 4^ ® d^' ® 

+ (A| - r|)d^ ® drf <g> fifc + 4jdif <g) drf ® <9 fc . 

Let u,v,w vectors of type (1,0). Then (B^) u (w) = 0, and the last line of 
(55), with w replaced by w, implies that <&((B R ) u (v),w) = 0. In components, 
this means 

(4-rf.) = o, (4_r|) = o, 

where the second one follows by complex conjugation. One can define B e 
n lfi (Rom(TM,TM)) such that 

B = A|d7f <g> drf <g> so B R = B + B. 

Lowering the antiholomorphic index with the metric, we can define locally a 
holomorphic 3-tensor, 

~ ljk = -2ig a A e jk , A} fc = -isFZijk- (56) 



Using (47) and the fact that g j£ = 8i{3 J we get 

from which it follows that S is holomorphic and symmetric. 

In Ref. [5] the following global definition is given for this tensor: 

E(X, Y, Z) = $(7r (1 ' 0) X, (Vyvr^Z). (58) 



36 



In fact, since Dn^ = 0, we can substitute V by B-r in (I58J) so 

E(X,Y,Z) = $(ir^X,[(B u )y,irW]Z) 

= <S?(n^X,[(B + B)y,7r^]Z) 
= <S>{ir^X,B Y ^Z), 

which in components, using Q, gives (56). 

It is then clear that given the flat connection V we can determine the cubic 
form S. Conversely, assume that we are given a holomorphic symmetric cubic 
form H on a Kahler manifold. We can determine a tensor B^ = B + B from 
(56). Then, a new connection is defined by V = D + B^. The symmetry of 
H guarantees that V is torsionfree, symplectic and satisfies (18), as it follows 
straightforwardly from (56). The flatness condition imposes some restrictions 
on 5. We have to impose dy = 0, with 

d v F = d D F + BAF + BAF, 

for F G VL P M (TA4). Then, if R is the curvature of the Levi-Civita connection, 
\R T jkl&x K A dx L , then 

]2 - n " R + dnB + d n B + BAB + BAB = 0. 



d^=0 



Analysing the holomorphic and antiholomorphic components in this equa- 
tion, we obtain that the following expressions have to cancel separately, 



R+BAB+BAB=0 
d D B = 
d D B = 0. 



(59) 
(60) 
(61) 



Equations (60) and (61) are the complex conjugate of each other. ([59]) im- 
poses a constraint on the curvature of the Kahler manifold. It should be 
expressed solely in terms of the holomorphic cubic form. In coordinates this 
means 



R' 



,y 9 ^p'ji^pi'k- 



(62) 



(|60|) imposes a constraint on the metric and the cubic tensor. In components 

1 



we have 



B 



A% drf 



2i 



Tg H E aj drf 
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so 



-2id D R fc = d D g kt A E eij drf + g H d D (E iij drj 



0. 



Here, g M is understood as the components of an element of Q°(At,TAi g) 
T.M), so its covariant differential is the covariant derivative and it is 0. Only 
the last term survives, so we have 



d D (E Uj drf) = (d k E Hj - V^E^ - T J ^E af ) dr] k A drf = 0. 



It is easy to see that for a metric as in (44) and a cubic form as in (58 



equation is satisfied identically. What this argument proves is that (59) and 



(60), or the equivalent statements (62) and (63), are sufficient conditions 



(63) 



this 



to have a flat symplectic connection satisfying the requirements of a rigid 
special Kahler structure. 

Indeed, given a Hermitian metric and and arbitrary holomorphic cubic 
form with components Eijk = E^j k ), one can construct a torsionfree, sym- 
plectic connection as V = D + £> K , where the connection coefficients for £? R 
are determined by (56). This connection, by construction, satisfies d^J = 0. 

: 0). 



Then (59), (60) are equivalent to the statement that V is flat, 



(4 



So given a Hermitian metric and a holomorphic cubic form, they will in this 
case define a special Kahler structure. 

4 Projective Kahler (Kahler-Hodge) manifolds 

4.1 Affine transformations, isometries and homothetic 
Killing vectors 

For the results in this section, see ref. [23], Chapter VI. 

An affine transformation of a manifold A4 with linear connection V is a 
diffeomorphism / : Ai — > Ai whose tangent map Tf : TAi — > TAi maps 
any parallel vector field along a curve 7 into a parallel vector field along the 
curve 7(7). The push-forward by / of a vector field X on At is 

UX)=Tf 0X0 f~\ 



or, in components, 



(64) 
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If Y and Z are two vector fields on Ai and / is an affine transformation, 
then 

(f^ Y Z)=V f , Y (f*Z). (65) 

Let K be a vector field on Ai and let y> t : U — > Ai be the flow of K on a 
neighbourhood C/ of x G .M, t G] — e, e[. is a local uniparametric group 
of transformations, and for each x£M, y?t(^) is an integral curve of K: 

— ^— = K((pt(x)). 

We say that K is an infinitesimal affine transformation of .M if (ft is an 
affine transformation of U (the connection being the restriction of V to U). 



Specifying / = ip t in (65) and taking a derivative with respect to t and 
putting t = one obtains^ 

C K o Vy — Vy o C K = V[k,y], f° r every vector field Y on A4, (66) 

which characterizes K as an infinitesimal affine transformation. (Here Ck 
stands for the Lie derivative with respect to K). In components, this condi- 
tion reads 

K J dj^/iZ L - V CT (K J d, ; Z L ) + Z J V!djK L + {diK J )SI 3 Z L = 0. (67) 

The infinitesimal affine transformations form a subalgebra of the Lie algebra 
of vector fields on M.. 

For torsionfree connections, (66) reduces to 

R(K,Y)Z + V Y V Z K -V VyZ K = 0, (68) 

or, in components (as Z is arbitrary) 

K J R JIK L + ViV K K L = 0, (69) 

which was used in Ref. [27] as the definition of symmetry of the physical 
sigma model, independently of the action (in fact, such action may not exist). 

A vector field X on Ai is complete if each integral curve <ft(x) extends to 
t g] — oo, +oo[. This means that the local uniparametric group extends to a 
global uniparametric group 

E x M ► M 

(t,x) > ft{x). 



5 One uses her e $ i.Vt*X\ t _ n = — [K, X] = —CkX, where <£t(x)\ t =o — x - The first can 
be derived from ( 64 ) with / = ip t . 
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We say that V is a complete linear connection if every geodesic extends 
to t e] — oo, +oo[. 

The Lie algebra of the Lie group0 of affine transformations consists of 
all infinitesimal affine transformations that are complete. Moreover, if V is 
complete then all the infinitesimal affine transformations are complete. 

Let Ai be a manifold with Riemannian metric g and Riemannian con- 
nection V. An isometry of Ai is a transformation that leaves the metric 
invariant. An isometry is necessarily an affine transformation of Ai with 
respect to the Riemannian connection. 

A vector field X is an infinitesimal isometry (or Killing vector) if the 
uniparametric group of transformations generated by A in a neighbourhood 
of x G Ai (for arbitrary x) consists of local isometries. An infinitesimal 
isometry X is characterized by 

C-xg = 0, 

which implies that the set of infinitesimal isometries is a Lie algebra. 

As in the case of affine transformations, the Lie algebra of the Lie group 
of isometries is the Lie algebra of all complete infinitesimal isometries, and 
if Ai is complete all the infinitesimal isometries are complete. 

We say that a transformation of a (pseudo) Riemannian manifold Ai is 
homothetic if there is a positive constant a 2 (which depends on 0) such that 

Wg) x (X,Y) = g Hx) (T<f>(X),T<f>(Y)) = a 2 g x (X,Y), 

VX, Y G TAi and x G Ai. (70) 

Notice that the Christoffel symbols for the metrics g and a 2 g are the same, so 
the covariant derivatives are the same. It is then easy to see that a homothetic 
transformation is an affine transformation of the Levi-Civita connection. 

An infinitesimal transformation K of a (pseudo) Riemannian manifold is 
homothetic if its flow is a homothetic transformation in a neighbourhood of 
each point x E Ai. Infinitesimal homothetic transformations are also called 
homothetic Killing vectors and can be characterized as 

£k9 = eg, (71) 
6 It is necessary to assume that M. has a finite number of connected components. 
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for a constant c. This can be seen by substituting = <p t , the flow of X, in 
(70) and taking the derivative with respect to t at t — 0. We obtain also 

_ do* 
C ~ dt '*= ' 



If D is the Levi-Civita connection, then (71) is equivalent to the statement 
that 

g(X, D Y K) + g(Y, D X K) = cg(X, Y) VX, YeTM, (72) 
since DkX — CrX = DxK. In components we have 

DjKj + DjKj = cg u . 

Let us consider the 1-form gx{X) = g(K,X). If V is a torsionfree con- 
nection we have that 

dg K (X, Y) = V x {g K ) (Y) - V Y (g K )(X). 

This is true for any 1-form. In our case, 

Vx(9k)(Y) = V x (g)(K,Y)+g(V x K,Y). 

If the connection is compatible with the metric, Vx{g) — 0, we have 

dg K {X, Y) = g(V x K, Y) - g(V Y K, X), 

so 

dg K = & g(V x K,Y)-g(V Y K,X) = VX, F G TM, (73) 
in components 

WjKj - VjKj = 0. 

We say that K is a closed homothetic Killing vector if it is a homothetic 
Killing vector such that gx is a closed 1-form. 

If K is a closed, homothetic Killing vector and D is the Levi-Civita con- 
nection, then equations ( 72 ) and ( 73 ) imply that 

D Y K = \cY, VF e TM. 

This condition is also sufficient. In components we have that 



(74) 



D,K° 
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Observe that the statement ( 74 ) involves only the connection, so we can use 



it to generalize the concept of closed homothetic Killing vector to any linear 
connection. For a torsionfree connection V, we will say that a vector field is 
a closed homothetic Killing vector if 



V Y K = hcY, 



VF e TM. 



(75) 



We would like to see if such a vector is in fact an infinitesimal affine trans- 
formation for the linear connection. For an arbitrary torsionfree connection 



(66) is reduced to (68). Using (75) the last two terms of (68) vanish, so the 



condition for a closed homothetic Killing vector to be an infinitesimal affine 
transformation is 

R(K,Y)Z = 0. (76) 

On the other hand, for an arbitrary connection, the integrability condition 
of (75) is R(Y, Z)K = for all Y and Z, which implies 



R{K,Y)Z - R{K, Z)Y = 

by using the Bianchi identity ([9]). The symmetric combination in Y and Z 
is not zero in general. 

We conclude that in general for a torsionfree connection, a closed homo- 
thetic Killing vector is not necessarily an infinitesimal affine transformation. 



For a flat, torsionfree connection, (76) is trivial and thus in this case the 



closed homothetic Killing vector is an infinitesimal affine transformation. 

For the Levi-Civita connection (not necessarily flat), we have seen that 
any homothetic transformation is an affine transformation. In fact, because 
of the symmetries of the curvature tensor 

R(K,Y)Z = R(Y,Z)K = Q, 

so K is an infinitesimal affine transformation, even if the connection is not 
flat. 



Let M. be a Kahler manifold with complex structure J and let g be the 
Hermitian metric. Let if be a holomorphic vector field. The equations above 
can be extended to the complexified tangent space. We assume that if is a 
homothetic Killing vector. In components this reads 

£H9af3 — 9 1 $D a H' y = cg a p <^> D Y H = cY, Y holomorphic. (77) 
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As before, the last expression does not involve explicitly the metric and can 
be used as a generalization of holomorphic homothetic Killing vector for any 
linear connection. Since the metric is Hermitian, it is easy to see that H is 
homothetic with the same constant c (real). It follows that K = ^(H + H) is 
also a homothetic Killing vector with constant c while K = — .IK = ^ (H—H) 
is a Killing vector, 

1 

£k9 = 2^ h9 + C u9) = eg, (78) 
C k g = h K £ H g-£ R g) = U- (79) 



Notice that ( 79 ) can be written in components as 

g^DJi 1 - g^DpH 1 = 0, 

which is just the requirement that K is closed, so if H is a holomorphic, 
homothetic Killing vector then K = | (H + H) is a closed homothetic Killing 
vector. 

The converse is also true: if the metric has a closed homothetic Killing 
vector K, then JK is a Killing vector. It also implies the presence of the 



holomorphic homothetic Killing vector H — (1 — iJ)K } i.e. satisfying (77). 
Example 4.1 Euclidean space. 



We consider C ra with the metric 

ds 2 = dz a dz Q . 

We take H = z^d/dz 13 . Then Lug = g, so H is an holomorphic, homothetic 
Killing vector with c = 1. We define K = \{H+H) = \(z^d/dz p + z^d/dz^). 
Then 

g K = l - (z a dz a + z a dz a ) => dg K = 0. 

□ 
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4.2 Definition of projective Kahler manifolds 

Let Ai be a complex manifold and let if be a holomorphic vector field. Then 
[H, H] = 0, so {H, H} form an integrable distribution on TAi. By Frobenius 
theorem, there is a foliation of Ai whose leaves^] are complex submanifolds of 
Ai whose tangent space is generated by H and H. If H ^ at all points of 
Ai the foliation is regular, then all the leaves have complex dimension 1. We 
can define an equivalence relation on Ai by declaring as equivalent two points 
if they belong to the same leaf. Then, if the foliation is regular, the quotient 
of Ai by this relation (the set of all equivalence classes) is a manifold. 

Let K and K be, as above, the real and imaginary parts of H, respectively, 
so H = K + iK. Let ip T and (p a the flows of K and K respectively, 

d(P ^ = K (fr{x)), = ^(Vaix)), (p (x) = O {x) = X. 

Since [K, K\ = 0, K is invariant under the flow of K and viceversa. This in 
turn implies that 

(p T o ip a = (p a o (fi T . 

Let us define A = r — \a and p\ = f T o <p a ; then it is easy to see that 

dp x (x) dp x {x) dp x (x) 
dA = dr + 1 da = H[px(x)), po(x) = x. (80) 

Pa is a local, complex 1 dimensional group of transformations, 

Pa ° P\> = Pa+a'- 

H is the fundamental vector field of the action of G. 
We consider now on Ai a holomorphic action of C x . 

C x x Ai > Ai 

(81) 

(b,x) y 9tfc(x), 



with b G C x . Locally, b = exp A and ^(x) = p\(x) with p A as in (80). Let 



H be the (holomorphic) fundamental vector field of this action (80). The 
orbits of the action are the integral submanifolds of the foliation defined by 
H . We assume also that the action is free, so the orbits are diffeomorphic to 
C x . Since the group is abelian, the left action is also a right action, so Ai is 
a principal C x -bundle over the orbit space A / 1/C x . 



The leaves of a foliation are disjoint sets whose union is the whole manifold. 
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Definition 4.2 (Projective Kahler manifold.) Let Ai be a (pseudo) Kdhler 
manifold with metric g. We assume that on Ai there is a free holomorphic 
action ofC x such that the fundamental vector field H is a non null, holomor- 
phic homothetic Killing vector of the metric g (or the Levi-Civita connection 
D), 

C H g = cg D Y H = cY WYeT lfi M, 

such that g(H,H) ^ 0. Then we say that Ai = Ai/C x is a (pseudo) projec- 
tive Kahler manifold. □ 

We are going to show that Ai is a Kahler manifold itself, of a particular 
class. In order to do that, we need to construct a Hermitian line bundle on 
Ai. It is in fact inherited from the tangent bundle on TAi. 

The symplectic and line bundles and the fiber metric. Ai has the 



structure of a principal C x -bundle over Ai, it : Ai — > Ai. As in ((81)) we 
denote the finite right action of C x on Ai 

Ai >• Ai 

b e C x , 

in > ^(m) 

with D^m = in. 

Let TAi be the tangent bundle. The tangent of the action above gives 
an action on TA4 

TAi > TAi 

{fn,Vrh) > {^b{fn),<B\ b Vfh). 

TrnAi is a complex vector space, so we also have an action of C x on it. We 
will simply denote it by multiplication, 

T^Ai ► T^Ai 

(m,Vrn) ► (rh,bvrh). 

We are going to define an associated bundle to Ai using these actions. 
We identify elements in TA4 related by 

(m, Vra) ~ (P^(rh), b^m^rh). (82) 
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It is easy to see that this is an equivalence relation. The quotient space is 
a complex vector bundle over M. of rank n + 1, with dimcA^ = n. We 
will denote it by H = TM./ ~. It is a bundle over M associated to the 
C x -principal bundle M — > M (23], so there is an action of C x on it. Also, 
the underlying real vector bundle of H (and its complexification) inherit the 
action of the symplectic group Sp(2n + 2, R) from TM. 

A vector in the kernel of the projection ker(T7r|m) ~ span c {if (m)} is a 
vertical vector. We can consider the subbundle of TM consisting of vertical 
vectors. It is a trivial line subbundle of TM, and it projects to a line bundle 
on M. We will denote it by L. Two different trivializations (m, XH(rh)) and 



[m! , A' H(m')) (with 7r(m') = ir(m)) are related, according to (82), by 



(m, XH{m)) ~ (m', X'H(fh!)) =4> m! = <R b {m), A' = 6 _1 A, 



since (80) implies for the finite transformation dD^if (m) = Hffi\,(m)). The 
transition functions of the bundle are of the form b^ 1 . 

On L we can define a fiber metric. Let (m, XH(m)) be a representative of 
the equivalence class (m, v m ) G L, and the same for (m, aH{m)) in (m, u m ) G 
L. We set 

hm{v m ,u m ) = g^(\H(rh),aH(rh)) = (\a)g^(H(m), H(m)). 

We remind that H(m) is non null by assumption. We just have to check 
that this definition is independent of the representatives that we have used, 
so acting with b G C x we have 

g^ib^XH^m^X^H^m))) 
= (A^)(&6)- 1 ^ i)( ^ ) ( J H'(^ 6 (m)) )J ff(JH 6 (m))) 
= (Xa)g^H(m),H(m)), 



as we wanted to show. The last equality follows from (70), taking bb = a 



We can now define the Kahler structure on M.. 

The metric and the Kahler potential. Let a be a local basis of L* (a 
coframe) dual to the frame {H} of L, so a(H) = 1. Using the formulae from 



the end of section 2.3 we have (the index a runs only over one value and can 
be omitted) 

h = 6aa } 6 = 2g~fh(H(m), H{m)). (83) 
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We want to compute 9 using convenient coordinates in Ai. Let z l , i = 
l,...n be complex coordinates on an open set U C Ai. Let s : U — > 
7r _1 (?7) be a local section on Ai. Then we can choose the local trivialization 
7r _1 (?7) a [/ x C x given by 

m = (m,ys(m)), m = vr(m), y G C x . 

• open ~ 

(z\y) are local coordinates on n (U) C Ai. We define homogeneous 
coordinates fj a on n~ l {U) as 

if — y, f\ a = yz l for a — i. (84) 



The action of C x on Ai defined in Eq. (81), expressed 

The action of C x , expressed in these coordinates is simply 

<R b {z i ,y) = {z i ,V>y) f^,{fj a ) = Vfj a , 

for an arbitrary pGi. So the fundamental vector field is 

h = = V^- (85) 

' df) a y dy v ; 



(One may choose a multiple of it, which by the definition (77) amounts to a 
rescaling of c.) The homothety condition is 

r _ _ n d _ dff _ 

We make the change of variables 

r? Q = (r) a ) c , R = crf ° 



dr] a 

In these coordinates the homothety condition is 

= ^q^^ + c <^ 7 £ = c 9«p- 



This condition becomes simply 



rr^gji = 0. (86) 
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Together with its complex conjugate, (86) implies the following property of 
the metric, 

g a p(Xr],Xf}) =g a p(v,v)- (87) 
If we choose p — 1/c, the action 9^ in the coordinates r] a is 

m b r] a = br] a . (88) 

If we denote 

rf = y, 71* = yz\ (89) 
then z % are coordinates on M.. The coordinates on Ai are also homogeneous 



coordinates, which we will further use, and from now on d a = -r^. We have 
that 



H = c V a d a = cy^. (90) 
dy 

The metric in these coordinates can be written in terms of a Kahler 
potential 

9c& = dadplC. (91) 



The transformation (87) leads to 
with 

jc'(\ v ,\v) = (\\)k:(v,v). 

Since K, is real, / = /' and with a Kahler transformation 

we can take KJ as the Kahler potential. We will denote it as K. from now on, 
so we have 

K(\ri,\7i) = (>Z)JC(Ti,fj). (92) 

In particular, this implies 

rf,9 7 /C = /C, fpd^JC^K, rprfd^K = K. (93) 



so the definition (83) gives 



9 = ~g a pH a H~ p = c 2 r) a fd a dg)C = c 2 /C. (94) 
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Let us consider the exact (l,l)-form 

- f = W A *f = 2 (-^fp + igg, ) d< Ad^, (95) 

and let us denote by \p its pull-back by the section s, 

dri a dfj 13 



Using (92), we can see that the result is independent of the section s used. 
In fact, we have that p = in*p, 

dz % dz l 

where z l (r] a ) is the expression of the projection map n : M. — > Ai in coordi- 
nates. 

The tensor p a p is degenerate. Indeed, H a = erf is a zero eigenvector due 
to the identities (93). We want to show that there is no other zero mode, 
under the assumption that g a p is non-degenerate. Let us write it as 

Pap = £<M ~ PaPP = 9 <* 9 P l0 § 1^1' P* = fr 9 "^ = 9a l0g 1^1' 

We assume now that there is a vector v a such that v a p a ^ = 0, then we find 
that 

where the inverse of g a g. Hence any zero eigenvector is proportional 

to g^ a flp, and thus there is only one zero mode. In particular, we also obtain 

for some undetermined function u(rj,fj). 

The vectors <9j = rfdjdrf are transversal to H, thus the matrix 

_, dr] a dfj 13 

is non degenerate. This matrix (or a matrix proportional to it) can therefore 
be taken to be the metric on Ai. 
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We define therefore the metric on Ai 



gij = didj [± log |/C|] = ±ipi 3 , ± = sign K. (97) 
The reason for the ± convention will be explained below. 



The Ricci form of the Hermitian bundle agrees according to (17) with 

rj2 1 I I 

p = 2 Pil dz l A dz 3 = -2i ° g r }. l dz i A dz> 

r , i die die i a 2 n juJ , 

-2i -- — — + — — — z dz l A dz J . 
K? dz l dz^ K, dz l dzi J 

We can also compute the signature of the matrix p a g. A vector V = V a d a 
is orthogonal to H if fi a V a = and the space of such vectors has dimension 
n. For two such vectors, V and V we have 

g(V,V') = lCp(VX) } 

so the signature of p in the space orthogonal to H the same than the signature 
of g in such space up to a sign. Furthermore, the sign in the remaining 



direction of g is the sign of /C as it follows from (93). 

We can choose a section s such that the vectors di have a lift s*d, orthog- 
onal to H. Then, 

Pi S = -is*p(di,dj), 

which is actually independent of the section. So the signature of the metric 



g in Ai, (97), is the same than the signature of g in the space orthogonal to 
H. 

We conclude that p defines a symplectic structure compatible with the 



complex structure, so Ai is a Kahler manifold with Kahler metric as in (97). 
The Kahler form is in the first Chern class of a line bundle. This implies that 
the Kahler form is integer. Such manifolds are called Kahler-Hodge manifolds 
in the literature. When Ai is compact, this condition implies that Ai is a 
projective variety, so it is embedded in projective space. This is the Kodaira 
embedding theorem, see for example Ref. [28], page 181. 

What we have proven here is that a projective Kahler manifold is a 
Kahler-Hodge manifold. 



50 



4.3 



The Levi-Civita connection on a Kahler-Hodge 
manifold 



The previous part leads to consider (97) as the metric on Ai. One can com 



pute its Levi-Civita connection. However, there is a natural way of inducing 
a connection on Ai from the Levi-Civita connection in Ai, which gives the 
same result. It clarifies the geometrical meaning of the metric in the quotient 
manifold Ai. We will perform two projections of the connection, first to the 
bundle H = TAi/ ~ and then to the tangent bundle TAi. 



Projecting down to the symplectic bundle. Let X be a vector field 
on Ai and £ a section of "H. Let n : Ai — > Ai and p : TAi —> % the natural 
projections. Let T> denote a linear connection on TAi. 

The idea is to find adequate lifts X of X and £ of £, both vector fields on 
Ai, in such way that the covariant derivative V x ^(m) projects through p to 
the same vector on %, independently of the point m in the fiber 7r _1 (m) where 
it has been computed. This will define immediately a covariant derivative on 
H as 



mm 



m. 



(98) 



Let us first define the respective lifts. A local section £ of H is specified 
by associating an equivalence class [(m,Vm)] to any point m, with 7r(m) = m. 
We can choose an arbitrary rh G 7r~ 1 (m) and set = v^. Then £ is a 



vector field on Ai satisfying (see eq.(82)) 



(99) 



There is a one to one correspondence between the set of local sections of % 
and the set of local sections of TAi satisfying (99). So £ is a natural lift of £. 



Notice that (98) means just that V x ^ is a vector field on Ai satisfying 
(99), so it defines a section of Jj. For any afline transformation 9\f> of the 



connection V, we have that (65) 



so all we need to complete the definition (98) are lifts satisfying 



9lb*X = X. 



(100) 
(101) 



51 



( 100 ) is already guaranteed. There are many lifts of the vector field X to TAA. , 
but we have a connection on the principal bundle A4 (or on its associated 
bundle L), so it is natural to consider the horizontal lift. Horizontal lifts 



satisfy (101 ), so this will show the existence of the induced connection on T-i. 
Note that for the Levi-Civita connection or for an arbitrary flat connection, 
9\b are affine transformations, so the result applies for these cases of special 
interest. 

To understand the horizontal lift we introduce the definition of connection 
on a principal bundle as a Lie algebra valued 1-form. The relation with the 
standard covariant derivative in the associated vector bundles can be found 
in many places, (see for example Ref. [23J). For completeness we give a brief 
outline in the Appendix [Bj 

Definition 4.3 Let G be a Lie group and q its Lie algebra. A connection 
on a principal G-bundle P A M. can be given by a Q-valued 1-form u on P 
such that: 

(i) . If A is a fundamental vector field, generating the action of G on the 

fibre, associated to A G Q then oo(A) = A. 

(ii) . yib*^ = Adft-ia; = b^ub, b G G. (Ad is the adjoint representation 

ofG). 

□ 

A horizontal vector X u is a vector in T U P satisfying u(X u ) = 0. In fact, u 
defines a distribution of horizontal spaces on TP, denoted by TP h . At each 
point u with tt(u) = m, the horizontal space is mapped isomorphically to 
T m A4. If TP V = ker(T7r| u ) is the set of vertical vectors tangent to the fiber, 



then T U P = T u P h © T U P V . Moreover, (ii) implies that the distribution is 
equivariant, that is 

Tx b{u) P h = m b (T u P h ). (102) 

Let X be a vector field on TKA . One can prove that there is a unique vector 
field X on TP such that Tk(X) = X and X(rh) is horizontal for every m. It 
is the horizontal lift of X. 



The equivariance of horizontal subspaces, (102), implies (101) as we 



wanted to show. One can also show that any horizontal vector field on A4 



satisfying the invariance condition (101) is the lift of a vector field on A4. 
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One can prove that if X and Y are horizontal lifts of X and Y respectively, 
then [X, Y] is the horizontal lift of [X, Y]. So if P is a flat connection (as V) 
then the induced connection D on H is also a flat connection. 

Example 4.4 Horizontal lift in Ai. 

As an example that we will use in the following, we are going to com- 
pute the horizontal lift of a holomorphic vector X on TA4 to TAi for the 
Hermitian connection. 

In the coordinates ( 89 ) we have 

*R b (m,y) = (m,by), d<K& = dz i <g) d { + bdy <g) d y . (103) 
The connection 1-form and its pull back are 

lo = u y dy + Ki&z\ s*u = Kidz 1 . 



Ki is determined by the pull back, which from (16) and (94) is 

Kj = /C _1 (9,7C = di log l/Cl. 



The other component, u y , is determined by conditions (i) and 



4.3 



11 



in 



Since A = yd y and A = 1, (i) implies u y = y 1 . (ii) is then 



Definition 
satisfied. 

The connection 1-form is then 

oj = y^dy + Kidz 1 = y~ x dy + di log \K\ dz\ (104) 

A vector on TAi, v = v l di + v y d y is horizontal if and only if 

?T V + KiV 1 = 0. 

If v is arbitrary, then v = v h + v v with 

v h = v l di - yKitfdy, v v = (v y + yn^dy. (105) 

v h is the horizontal projection of v. 

A vector X = X y d y + X% is the horizontal lift of X = X% if 

Tir(X) = X i.e. X { = X\ 
oj(X) = i.e. X y = -yKiX\ 

so 

X = X { di - yKiX l d y . (106) 

□ 
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Projecting down to the tangent bundle. Let us consider the subbundle 
of % formed by equivalence classes [(m, Vfh)} such that horizontal 



vector. Notice that, due to (102) b MD^tVn is horizontal if so is Vfa- We will 



denote this bundle by hor('H). We have the following lemma: 
Lemma 4.5 hor(H) « L ®TM. 

Proof. Let [(rh, v^)] be an element of hor("H). We can map it to T m A4 
with the projection v m = d7rt>^ G T m M.. If we choose another representative 
of the same equivalence class, (£H{,(m), v'£ b( ~s), with v'^,^ = 6 _1 d9Vi;^ we 
obtain another vector on T m M., v' m = b~ l v m . The natural projection applied 
to hor('H) defines then a section of L <g> TM.. 

In the other direction, let X m G T m M and a E L. We consider the 
horizontal lift of a £§> X m to L ® TM for some choice of rh E 7r -1 (m) and 
we denote it by a <8> X^. Then we consider the equivalence class [(m, cr <8> 
Xft)\ 6 I® hor('H). Let m' = OX^rh) another choice and a' = bo. Then 
we have the equivalence class [(rh', a' ® X^,)], with X^, = dD^X^. Since 
(rh,X^) ~ (fh',b~ l X%), then (m',a' ® -X^O ~ (fh,(T ® X|J, as we wanted 
to show. □ 

Let D be a connection on % and let ph ■ H — > hor("H) be the natural 
projection. We can define a connection on hor("H) as 

Vxi = p h (V x g), with X G TM, and f a section in hor(ft) C 7/. 

We want to compute T> in coordinates. As before, let s be a local section 
of M, so m = (m, ys(m)) G and let {z 4 } be local coordinates on M. Then 
{t/, z*} are coordinates on M. We need to compute the horizontal projection 
of an arbitrary section x of "H, = Ph{x)- The section x has a li ft x to 



TA/1 satisfying (99). In coordinates, using the action of 9^ as in (103), these 



equations imply the following y-dependence: 

x(y, z) = y~ l x l (z)di + x v (z)d y , 



and according to (105), the horizontal projection is 

X h (y,z) = x\z) (y~ X di - Ki(z)d y ) . 
Let £ be a section of hor('H), so 

i = C(z)(y-%-K i (z)d y ). (107) 
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We have to compute the horizontal projection of X>x£- Lifting to Ai, we 
know that {T> x £) h must be of the same form 



~\ h 



for some \ % - So we can identify 

X 1 = (V x t 



X 1 (y % - Ki(z)dy) 



For vectors of the form (107) and (106) 



where we used the coordinates {y, z 1 } in Ai and used the index for the 
components with respect to y. We obtain therefore for the connection coef- 
ficients: 



1 ik 



y^iO K k y^Qk K i y K i K k^0Q + K i^k- 



(108) 



The last term is just the connection on L, while the rest defines a connection 
on TM, 

v lk = r- fc - yf i K k - yt J ok Ki + y 2 KiK k Y 3 m . (109) 
We have then written T> as a connection onl® TJA. 

We can now compute explicitly the Levi-Civita connection of g in terms of 
the Levi-Civita connection of g, and check that the formula (108) is satisfied 
in this case. Due to (92), K is yy times a function that depends only on z 

9o-t = — «», £oo = —. ' ( 110 ) 



and z. The relation between g a g and g^, given by (97), is 

K. 



9ij ~ {^QiJ "I" K i%) > 



K 



V 



~*0 



~oo = yy 
y ~~ K 



yy 

(1 ± KiRjtf*) 
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where Ki = <9,log|/C|. This leads to the Levi-Civita connection coefficients 

1 a/3- 

Tl = g jrh (^did^duK - j^drnmdkJCj = rj k (g) + Ki 5i + K k 5j, 
rlo = y- 1 g jfh d rh d l log\!C\=y- 1 5j 



v j — r° — r° — n 

1 00 — 1 Oi — 1 00 — u ' 



where T(g) is the Levi-Civita conn ectio n of the metric on Ai We thus find 
that indeed T\ k as determined in (109) are the Christoffel symbols of the 



Levi-Civita connection 0117VI, as we wanted to show. 



4.4 Examples of Kahler-Hodge manifolds 

Example 4.6 Complex Grassmannian as a Kahler-Hodge manifold. 

We consider the Grassmannian manifold of complex p-planes in C p+q , 
denoted by G(p, q). We take 

M. = \Z \ Z is a (p + g) x p matrix of rank pj . 

We will write 

'Z 
Z x 

with Z a p x p matrix and Z\ a q x p matrix. Each Z defines a p-plane in 
<C p+q as the span of the column vectors. Taking linear combinations of these 
vectors gives the same plane. Then, there is a right action of GL(p, C) on 
M, which does not change the p-plane. M. — > G(p, q) is a principal bundle 
with structure group GL(j», C). 

The group SL(p + q) acts transitively on G(p,q), but also the action of 
SU(p + q) is transitive, with little group SU(jo) x SU(g) x U(l), so we have 
that G(p, q) is the Hermitian symmetric space 

G( P ,q)- SlJ{P + q) 



SU(p) x Sl%) x U(l)' 



G(p, q) is a Kahler manifold and we are going to show that it is in fact a 
Kahler-Hodge manifold. 
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An open cover of G(p, q) is given by the open sets with some fixed minor 
of order p of Z different from zero. Notice that this property is not changed 
by the right action of GL(p, C), so it is well defined on the equivalence classes 
For concreteness, let us fix 



U n = <Z 



Zi 



E G(p, q) I det Z ^ 



A p-plane in Uq can be characterized by a q x p matrix T such that a vector 
[z±, . . . z p , Zp+i, . . . , z p+q ) satisfies 





A 




(zA 






= T 




\Zp- 


-J 




\ZpJ 



In fact, a matrix Z with det Zq ^ is a collection of p column vectors 
satisfying the above property, so 

Z\ = TZq T = Z\Zq 

An arbitrary matrix T defines a p-plane in U , so we have 

U ~ M qxp (C) » C p<? , 

and the entries of T are local coordinates on C/ - 

The tautological bundle H — > G(p,q), is the vector bundle with the fiber 
at each point of G(p, q) the plane that it represents. It is a rank p subbundle 
of the trivial bundle G(p, q) x C p+q . It is a bundle associated to the principal 
bundle M. 

On the trivial bundle there is a fiber metric 



p+qf/p+q 



111) 



for £, £' vectors at a point in G(p, q). It induces a fiber metric on the tauto- 
logical bundle. A local section on H is given by functions C\ • • • C p > so that 
T determines the plane: 



ceo 



/ c 1 \ 

c p+1 



VC7 



(112) 
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The Hermitian inner product on the fiber is 



(C(T)X'(T)) = (cV.,c*)(a,Tt) 



= {C\...,C P ){1L + T^T) 
If a, [3 = 1, . . .p then we have the fiber metric 



(C(T),c'(T)) = ^CC ,/3 , /»* = 1 + TtT. (113) 

We can write the Hermitian fiber metric as 

h = h aP dz a dz^. 

We consider now the line bundle A P (H) with fiber at a point x G G(p, q) 
A P H X pa A P C P ~ C, i.e. the determinant. The structure group is 

GL(p,C)/SL(p,C) ^C x . 

Let {s Q (T)} be a local frame on H, with ft, a zj = (s a ,sp). (To compare with 
(113) it is enough to take s a (T) = C(T) as in (112) with ( a = 1 and the rest 
0). Then a local section on A P (H) is of the form 

U(T) = u{T) si A • • • A s p . 

There is an induced fiber metric on this bundle given by 

H = det(h a a)dudu. 



As in (17) we get for the Ricci form associated to the Hermitian connection 
on the line bundle 

PiJ = -idjdi log det(h a? ) = -io^ log det(n + T f T), (114) 

where i, j = 1, . . .pq run over all the entries of the matrix T. □ 
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Example 4.7 Non compact "Grassmannian" as a Kahler-Hodge manifold. 



In the example above, let us change the fiber metric (111) to a pseudo- 
Euclidean one with signature (p,q), 



(C, o = cc + ■■■ + cx p - c p+1 c 



p+1 /-lp+1 



p+q/-'p+q 



Then, instead of (113) we have 



11 - T f T, 



so on the points where the matrix 11 — T^T is positive definite we have a pos- 
itive definite, non degenerate fiber metric. The space of matrices satisfying 
this property is a domain in C pq . It is the Hermitian symmetric space 



D(p,q) 



SU(p,g) 



SU(p) x SU(g) x U(l)' 



The corresponding expression for the Ricci curvature is proportional, as be- 
fore, to the standard Kahler metric on this symmetric space. □ 



5 Conformal calculus 

The ideas described in the previous section originate in physics as a property 
of certain sigma models of scalar fields coupled to gravity with a scaling 
symmetry. It is in fact a simplification of what occurs in supergravity (see 
for example Refs. [291 EHI), but the essential idea can be grasped in this 
simplification. We first consider the version with real scalars and then we 
move to Kahler manifolds. 



5.1 Real manifold. 

We consider a nonlinear sigma model of n real scalar fields (p 1 with lagrangian 

£ R ,o = -iVgg^Gud^d^. 

Here g^ u is the metric of space time, gravitational field, g^ v its inverse, and 
g = | det (y^l- The target space is a real Riemannian manifold with coordi- 
nates (j) 1 and Gu(4>) is the Riemannian metric. 
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We will be interested in the case that the Lagrangian has a dilatation 
symmetry given at the infinitesimal level by a vector K = K ! dj. Let D be 
the dimension of space-time. We assume that the vector K is a homothetic 
Killing vector of the metric Gjj, 

C k Gjj = K L d L Gu + d!K L G LJ + djK L G IL = cG u . 

We fix 

c = D-2. (115) 

Then, the Lagrangian £^ is invariant under the infinitesimal transforma- 
tions 

d^ 1 = eK 1 , 

SeQuv = -2e^, (116) 

for an infinitesimal parameter e independent of de point x in spacetime. 
A simple example is when the metric on the target space is such that 

GuiM) = A D - 4 G 7J (0), (117) 



which means that the vector K = ^dj is a homothetic Killing vector ( 71 ) 
with c = D — 2. Then the lagrangian is invariant under the set of transfor- 
mations 



7 i y 

g^u >— >• A~V XeR, (118) 



for a constant parameter A (independent of x). We obtain the infinitesimal 
transformations (116) by writing A = 1 + e + 0(e 2 ). 

Let us now consider transformations of the form (116) but with a param- 
eter e(x) depending on the point. Then 

5 e C = -^-gG IJ (d^)K I d v <p J g^ . 

The lagrangian £r is not invariant, but this can be remedied if we add an 
Einstein-Hilbert like term for the spacetime metric 

£r = -iVgGud^d^cT - laiGu&K^y/gRig), (119) 
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where R(g) is the spacetime curvature and 

1 



(120) 



(D-1)(D-2Y 

In addition, we ought to assume that K is a closed homothetic Killing vector 



(73). In this case we have that 

S e (^R(g)) = e(2 - D)JgR{g) + 2(D - l)d u (^g^e), 
and using the identity 

one can prove that transforms into a total derivative. 

To have a positive definite energy for the gravitational field we must have 
GjjK 1 K J < 0, so one of the scalars is a ghost. 

One can fix this gauge invariance by taking 

GuK'K 7 = -\ (121) 
where k 2 is the gravitational coupling constant. Then the second term of 



(119) is just the Einstein-Hilbert action and the first term is a sigma model 



defined now on the surface (121). 
5.2 Kahler manifolds 

We can consider the same kind of model for n+1 complex scalar fields X a , 
which are coordinates in a Kahler manifold with metric G a a. We assume 
now that this metric has a closed homothetic Killing vector K. As men- 



tioned at the end of section 4.1 this implies the presence of the holomorphic 
homothetic Killing vector H = (1 — iJ)K. The lagrangian density has the 
form 

£c,o = -s/gg^G^d^dX? - \aG a ^H a H^R{g). (122) 
The dilatation symmetry is generated by 

K=\(H a (z)d a + H*(z)d s ) 1 (123) 
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but this model has rigid symmetry generated by JK, which was not present 
in the real case. This leads to the infinitesimal transformations 



5 e X a 



5„X a 



(124) 



Assuming (115), the action is invariant under these transformations where e 
can be local, but ip is still a global transformation parameter. 
A relevant example is the finite transformation 



9^ 



for which 



X c/2 X a , 
H c 



\= \\\e iv = l + e + i<p + ... e C, 



cX c 



X" 1 ' d^G a p 



0. 



(125) 



(126) 



In that case, the transformations (124) can be integrated to a finite trans- 
formation. In order to implement the local invariance under tp, we introduce 
a U(l) connection A^, which transforms as 



A„ 



and we couple it minimally to the scalar fields defining 

Cc = -V99^G^D^X a D u X -\aG a0 H a H^gR(g). 



D fl X c 



For shortness, we denote 



d^X a - \\A^H C 



(127) 



N 



c 



^G a/3 H a H^ . 



Using (77) for the Levi-Civita connection, we have also that 

1 



d n N = -G„*H p , 



d n d- R N = G 



a/3- 



Hence, N is the Kahler potential of the manifold described by the X a . 

The field equation for the auxiliary field is algebraic and it allows us 
to solve for A„: 



62 



The first term of (127), the scalar kinetic term £ sca i ar , is then 



scalar 



-G^X^X? 



1 

AN 



d^dpN - d^x a d n N 



1 2 



d„X a d^X^ 



d n d- R N 



N 



{d a N){d ? N) 



[d^Nd^N] 



AN 

— N d ^X a X^ daBp log \N\ 



AN 



[d^Nd^N] 



(128) 



Notice that H a is a zero mode of the quantity in square brackets in the 
second line. 



We can fix the dilation gauge freedom ( 125 ) by taking as before 

1 



N 



—G ajj H a H 



ac 2 K 2 



(129) 



The second term of (127) is then the Einstein-Hilbert action. 



As iV gets a fixed value, a function of N is not convenient as a Kahler 
potential for the restricted manifold. We will show now how to construct a 



Kahler potential, restricting to the case (126) 



In that case, we rescale the coordinates X a , introducing rj a by 



$y : M 



M 

X a = V a Y( V ,f}), 



for an arbitrary function Y(j],fj). Notice that this map is not holomorphic 
with respect to J. However, it induces a new complex structure on J\4, 
denoted as J', by the commutativity of the diagram 



TM 
j' 
TM 



^ TM 



->■ TM 



The map T$y then sends holomorphic vectors with respect to J' to holo- 
morphic vectors with respect to J. In this sense, it is a holomorphic map. 
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Defining 



N 
YY 



then /C is a function of {f],rj). The homogeneity properties of N imply 

fC(Xr},Xfj) = XXlCfaf}), 

and therefore also 







-N 



dt] a 



d 2 



2 



/C. 



" '' is a holomorphic homothetic Killing vector with respect to 



Hence, erf 9r} , 

J', and /C defines the Kahler potential of a projective Kahler manifold, see 
Definition [OJ 

The action reduces to 

^ = -Ndtfdrf-^j^ log |/C| - ± [d^Nd^N] - \ac 2 NR{g). (130) 



The first term in (130) is proportional to — p a s in (95), which is the 



pull back of a 2-form on the quotient manifold p = m* p as in (96). If z\ 
% — 1, . . . n are coordinates on the quotient, then similarly as in (97), a metric 



is defined. The appropriate normalization for the Kahler potential is 



9ij 



did j 



ac 2 K 2 



log 



ac 



On the quotient N is constant and thus c^iV = 0, so the action reduces to a 
sigma model in dimension n coupled to gravity in the standard way, 

£c = -V99iAz l d"z j + \y/gR(g). 



Note that the D = 4 values of pi5[ ) and ( p0[ ) lead to ac 2 /2 = 1/3. That is 
also the value that one finds in iV = 1 supergravity. For N = 2 supergravity, 
one has two scalar manifolds, the one of the vector multiplets, and the one 
of hypermultiplets. There is another auxiliary field, whose origin is beyond 
our discussion here, such that when one eliminates the hypermultiplets, the 
effective value of a is 1/2, i.e. ac 2 /2 = 1. 



We remark that we need here the lower signs in (97) in order to get the 



positive kinetic energy for gravity, and the other signatures should all be + 
in order to have positive kinetic terms of the sigma model. 
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6 Projective special Kahler manifolds 



6.1 Definition of projective special Kahler manifolds 

A projective special Kahler manifold Ai is a Kahler-Hodge manifold such 
that the manifold Ai is rigid special Kahler. The flat connection on Ai is an 
extra structure that also projects to Ai. Here we have the precise definition. 

Definition 6.1 Let Ai be a rigid special pseudo-Kahler manifold with com- 
plex structure J, metric g, Kahler form $ and flat symplectic connection V. 
We assume that on Ai there is a free holomorphic action of C x such that 
the fundamental vector field H is a non null, holomorphic homothetic Killing 
vector for the flat connection, 

V Y H = cY VF G T lfi M (131) 
and g(H, H) ^ 0. 

Then we say that on Ai = Ai/C x there is a projective special Kahler struc- 
ture. □ 



In fact, we will prove that (131) implies that H is also an holomorphic 



homothetic Killing vector for the Levi-Civita connection, that is, 

D Y H = cY which is equivalent to C Y g = eg, VT e T lfl M, (132) 



so it is enough to require it for the flat connection. Let us look at (131) in 



special coordinates. From (48) we have 



drf dr]P 2 drf dyp dr) a ' 

The first term is holomorphic, while in the second there is an holomorphic 
and an antiholomorphic part, since yp is real. To cancel the antiholomorphic 
part necessarily 

# 7 = 0, (133) 



drj 

and then 



-q-^ = c5£ H 13 = erf (up to a constant). (134) 
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We can always shift r\ a by a constant, it is still a special coordinate. In par- 
ticular, (134) implies that special coordinates are homogeneous coordinates 
as defined in (84). (133) and (134) imply that r a p are homogeneous functions 
of i] of degree 0, 

T a p(\rj) = T a/3 (?7), AeC x , 



so they depend on the prepotential J 7 as in (45): 



ap dr] a d^ ' 
must be an homogeneous function of rj of degree 2, 

F(\ri) = \ 2 F(r]), AGC X . 
For the Levi-Civita connection, we have 



(135) 



DH 



OH? 
dr] a 



dr] c 



d 



+ a*9 



PS 



dr s . 



and using (133) and (134) we get 



DH = cdr] a <g> 



dr) 



d 
dr] a ' 



d 
drip 



which proves (132). 



Using (134) we can compute the integral surfaces (80) of if in special 



coordinates, 



H{px{x)) = ^ & cpt{x) 



^ & p"(x)=e c V(^), 



since po(x) = x and Pq(x) = r) a (x). 

We will denote also by ^(x) = p\{x) with b = e cA G C x . 
As we saw in general in (94), 9 = c 2 )C. 

Since V is flat, it descends to H as a flat connection, and then it defines 
a connection on L®TA4 as in (109). This connection is not necessarily flat. 

Next we will see that also the holomorphic cubic form descends to an 
appropriate bundle over Ai, and we will compute the curvature tensor in 
terms of it. 
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The holomorphic cubic form. We consider the holomorphic cubic form 
5 defined in section 13771 We want to see how it descends to the manifold Ai. 



If X is a vector field on Ai, its horizontal lift is (106) 



X = X% - yniX'dy = X^dirf* - K iV a )d a , 



(136) 



so 



dr] a 



drj a (X) = X'faF - 2KiF) = X l D^(T) = D X F 



where we have used the fact that T is homogeneous of degree 2. It is in fact 
a section of (L*)® 2 , and D L denotes the covariant derivative with respect to 
the Hermitian connection. We can also write 



d l t = e 2io g |x:| 5 . (e -2iog|x:| J : ) = K? d .^T). 



If Y, Z are also vector fields on M. and Y, Z are their horizontal lifts 
respectively, we have 



d 3 F 



d7] a dr]( 3 dr]' 



-d V a d V ^(X,Y,Z) = D L X D^D L Z (F). 



This shows that the holomorphic cubic form on Ai, 5 descends to a section 
of (L*) m ® (T*M) m , 



E(X,Y,Z)=E(X,Y,Z). 



(137) 



This procedure of lifting the vector fields on Ai to Ai gives us also another 
way of computing the metric on Ai. 



The metric. As before, let X and Y be the horizontal lifts of X and Y, 



vector fields on Ai. Then we have, using (136), (93) and (97) 



g(X,Y) = dadpK&t - K^djf -R^X 1 ^ 

= lCd i dj{\og\lC\)X i Y j = \JC\g(X,Y). (138) 
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The Riemannian curvature on Ai. From (109) we can compute the 



curvature tensor of the Levi-Civita connection on Ai. Since Ai and Ai are 



Kahler manifolds we can use (11). We have 

W ikl = -diTl k = W iki + dMd k log |/C| + Sfa log |/C|). 

These are the components of the curvature tensor in the coordinates z l . To 
avoid confusion, we will split the coordinates rj a as (r/°, rj a ), a — 1, . . . n. In 
this way the indices i, j, k will always refer to the coordinates z. 

We can use (62) to express R? ik i in terms of the cubic form H. We first 



have to write H in terms of (y, z l ). We have 

drf = dy, <kf = z l dy + ydz 1 . 



(139) 



Due to the homogeneity condition ( 135 ) and H being a third derivative of J 7 

V a E a ^ = 0, (140) 



as in (57), we have 



and therefore the dy terms in (139) do not contribute if we rewrite 

y d7] a d^dr]' f = y 3 E abc 5°5 b j 5 c k dz i dz j dz k = E ijk dz l dz j dz k , 



■ J o/37 ( - 



where has been defined in ( 137[ ). This leads to 

2 «9 3 J-(M*) 



dz l dzWz k 



where ^(1, z % ) is J-{rj) with rf replaced by 1, and rf by z l 



On the other hand, using (110), we find 

1 



R> 



4)0 



grfg p ' p Z p , ki Z pf i ± b\g kl ± 8 3 k g a . 



(141) 



Notice that in ( 141 ) all the the dependence in y, y cancels as K is proportional 
to yy. 



6.2 Examples of projective special Kahler manifolds 

Example 6.2 Projective space and unit ball as special Kahler manifolds. 
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We consider the complex projective space CP m of lines in the complex space 
C m+1 . It is a special case of Example <!£), with p = 1, q = m. 
We have a covering of CP" 1 by open sets 

Ut = {Lines S in C m+1 with z l \ s ^ 0}, 

(these are the lines that do not lie in the hyperplane z i — 0). Let us take a 
fixed index % = 0, then we have that 

z j \ s = t j z°\ s , jVO, 

so (t 1 , . . . , t m ) is a set of coordinates on U . 

The tautological bundle is already a line bundle, L C CP m x C m+1 so 
there is no need of taking the determinant. On CP m x C m+1 we have the 
fiber metric 

(CO = C°C° + ■•• + CT, (142) 

which we will restrict to L. On L the fiber metric and the Hermitian con- 
nection are 

(t, t) = l + t J i j , Ti = 1 + tHj ? • 

3=1 \ j=l / 



The Ricci form (114) becomes 

Pi] = -iQij = -idjdi log h = -idjdi log(l + tt) = -^iV - ^5 lJ . 
We can define the prepotential as 

^=_i( 7 /y + --- + »7 m 77 TO ), 7f = ty, i = l,...m. 

Then the Kahler potential in .M = C m+1 and in CP" 1 is 

/C = 23 f^"^ = lo S |£| = !og(l + + logr^V- 

As the third derivative of the prepotential vanishes, the curvature is given 
by the last two terms of (141), where we have to use the + signs. 
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If we change the fiber metric ( 142 ) to 

(c,o = c c° rr, 

we obtain that h is positive on the unit ball 

h(t,t) = l-tt> for ti<l, 
which is the symmetric space 

SU(l,m) 
SU(m) x U(l)' 

Notice that the metric is 

g t j = ^t l P + ^ = -d l B 1 \ogh. 

This means that we have to start with the negative Kahler potential /C. This 
sign is important in physical applications (super gravity), as we saw in section 
|5} In this case, we have to use the minus signs in the last two terms of (141 ). 

□ 

Example 6.3 A pseudo-Riemannian special Kahler manifold 

We want to describe now the pseudo-Riemannian symmetric space 

SU(1,2) 



SU(1,1) x U(l)' 



(143) 



We start the construction as for the projective space, on which we try 
to define a pseudo-Riemannian metric. As we did for the passage to the 
unit-ball, we will have to restrict to those points where this metric is non 
degenerate. 

As a fiber metric on the trivial bundle CP 2 x C 3 we take 

(C,C)=C 1 C 1 -C 2 C 2 + C 3 C 3 - (144) 

The space is covered by the three open sets 



Ui={ C 2 ICVO^, 1 = 1,2,3 
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as before. In the patch U\, we have 

fs)^ Tl C\ with 



T 1 



t 21N 

t 31 I • 



and a local section of the tautological bundle is given by a function ^(T 1 ) 

1 



cm) 

The inner product becomes 




T 1 



i ) C 1 ^ 



(cm 1 ), cm 1 )) = c\i,T^) g (pi e = c l (i-?v i + 



with 




Doing the same computation for U2, U3 we obtain 

For Ut (cm 1 ), cm 1 )) = c\i - ph 21 + PH 3i x n 
For u 2 (cm 2 ), cm 2 )) = c 2 m i2 t 12 - 1 + ph 32 )c 2 

For f/ 3 (cm 3 ), cm 3 )) = c 3 (t i3 t 13 - Pt 23 + 1)C 3 - 



(145) 



Equations (145) give us the fiber metric on the tautological (line) bundle. If 
in each U{ 

(C, C) = h t CC\ (no sum over z), (146) 



then 



h 2 (T 2 ) 



(l_P t 2i + p t 3i ); 
( t -iV 2 -l + Pt 32 ), 

(P t 13_p t 23 + 1) _ 



In the intersections, the change of coordinates 



71 



leaves (146) invariant. 

We have to restrict ourselves to the space where the fiber metric is positive 
definite. Let 

Id = {T e U { | hiT) > 0}. 

1A\ and U 3 are homeomorphic to C 2 , but U 2 is U 2 minus a ball of radius 1 
centered at T 2 = 0. The point T 2 = is the only point in U 2 that is not 
contained in U% or U3. So we can safely ignore U 2 , since {Ui,Uz} form a 
covering of the space of points where the fiber metric is definite positive. 

Notice that in Ui, £ 2 = t 21 ^ 1 serves as a coordinate and the same in Us, 
£ 2 = t 23 £ 3 , so £ 2 is a global coordinate and describes C. The other coordinate, 
t 21 or t 12 respectively in U\ and U3 describe a sphere S 2 , so we have that the 
topology of ([143]) is S 2 x C. 

Let us compute the Ricci form in U\. For simplicity we will denote t 21 = 
t 2 } t 31 = t 3 . 



-i(9j(9ylog h 



313 



-1 -i-tn 
w { t 2 ? 



t 3 P 
1 - t 2 P 



The metric is 



9ij V*J> 



and it is easy to see that it has one positive and one negative eigenvalue. 
The prepotential is 

T = i(7] 1 r] 1 — rfrf + rfrf). 



with 



rf 
V 1 



rf 
if 



and then the Kahler potential is 

K, = 4(7/ V - rfff + r/ 3 ff ) 



4t7i?7i/i. 



We can also see that 
R = Q. 



0. Then (141) gives Rij = R k iki = 3fc and 



□ 
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7 Conclusions 



In this paper we have extended the definition of special Kahler geometry to 
the case of arbitrary signature of the Kahler metric. For the rigid case, we 
have extended the definition given in Ref. [5], while for the projective case 
we have given a definition inspired in the conformal calculus framework. 

We have seen that the non existence of prepotential in some symplectic 
coordinates, which was known for projective special geometry [12J (the special 
geometry that occurs in super gravity), is in fact a characteristic of pseudo 
Riemannian manifolds, and applies also to the rigid case. This was masked 
by the fact that in physical applications of rigid special geometry one is only 
interested in the Euclidean signature, which gives positive definite kinetic 
energy for the scalar fields. 

Projective (or 'local', referring to the local supersymmetry invariance of 
supergravity) special geometry is obtained from a rigid special manifold that 
has a closed homothetic Killing vector K. If K is such vector and J is the 
complex structure JK is a Killing vector, so the metric has an extra U(l) 
symmetry. The result is that the existence of a closed homothetic Killing 
vector is equivalent to the existence of a holomorphic homothetic Killing 
vector, which we define in (77). This means essentially that there is an 
action of the group C x , and the procedure to obtain the projective special 
manifold is to take quotient of the rigid 'mother' manifold by this action (and 
from here, the name of 'projective' geometry). The positive signatures of the 
kinetic terms of scalars and gravity in supergravity theories require that the 
rigid manifold has signature (2,2n). We extend, however, projective special 
geometry to arbitrary signatures. If the signature of the projective manifold 
is (s,t) (s positive eigenvalues, t negative eigenvalues), then the signature of 
the 'mother' rigid manifold is either (s + l,t) or (s,t + 1). It is the later 
case that occurs in supergravity. The standard formula for the curvature is 
generalized to (141), the lower choice in ± being the standard supergravity 
case. The other possibility allows us also to discuss special geometries with 
a compact isometry group. 

In fact, this projectivization can be discussed for general Kahler mani- 
folds, not necessarily special. We develop the formalism in this more general 
case and, for example, we prove that the projective Kahler manifold is au- 
tomatically Kahler-Hodge. As this is the method that is used in conformal 
calculus, it implies that all the Kahler manifolds that are constructed in this 
way for N = 1 or iV = 2 supergravity satisfy the Kahler-Hodge condition 
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that was introduced in Ref. [22]. We also give an interpretation of the Levi- 
Civita connection in these projective Kahler manifolds as induced from the 
connection of the 'mother' manifold in a particular way, making use of the 
line bundle and the Hermitian connection. 
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A Some technical results 

Lemma A.l (See lemma Al in ^Tjj) Let 



V 



be an 2n x n matrix of rank n (a and (5 are n x n matrices). Then, there is 
a matrix S G Sp(2n, R) such that the transformed matrix 



V = sv 



has the property that a' itself has rank n. 

Proof. We make an outline of the proof. Let us denote 









(fa\ 


a = 

















and let r — 1 < n be the rank of a. If r — 1 = n we have already the result, 
so we will take r — 1 < n. Without loosing generality, we can assume that 
a 1 , . . . o r ~ 1 are linearly independent. Then 



a 



r-l 

5> 



a 



(147) 



Let (3k be such that a 1 , . . . a r 1 , fa are also linearly independent. For the 
particular case k = r the symplectic matrix 



S 



II - E. 



gives an ct with rank r. 

(We have used the standard notation (Eij) l k = 5[b~jk-) 

In the generic case k ^ r, we consider the symplectic matrix 



S 



H-E, 



-Eu.t Er.k + cE, 



r.r 



E r 



TL-E r 
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where a is a parameter cr^O. It follows that it is always possible to choose 
a such that the vectors a' 1 , . . . a' r are independent. In fact, the conditions 
on a are that o must be different from some fixed quantities. 

By iterating this procedure we see that transforming V with a finite 
number of symplectic matrices it is possible to construct a matrix V such 
that rank(a') = n. □ 

Remark A. 2 

When passing from a constant matrix V to a point dependent matrix 
V(z), one has first to restrict to a neighbourhood where the same components 
of V are independent (not only in number). Otherwise the theorem could 
not be applied. So we may have to enlarge the number of open sets of our 
covering. 

Next, we want to consider a constant symplectic transformation in order 
to have flat Darboux coordinates in each open set. The constraints for o 
(which must be constant) become now point dependent, namely a must be 
different from certain functions of z and z. This is always possible, but 
perhaps in an open subset of the original open set. For each point there 
is a neighbourhood contained in a compact set where the constraints can 
be satisfied. One can cover the manifold with such neighbourhoods and, 
assuming that the space is locally compact, one can pick up a subcovering 
which is locally finite. □ 

Lemma A. 3 The subgroup o/Sp(2n, R) formed by the matrices of the form 

{(c (A 1 )} 

is a maximal subgroup. 

Before going to the proof let us explain a way of seeing maximality. Let 
q be a Lie algebra and s a Lie subalgebra with respective groups G and S, 
course S C G. We are interested in deciding when s is maximal in $j. Note 
that the adjoint action of S on q leaves s stable and so S acts on a := q/s. 

Theorem A. 4 // there is a subgroup T C S such that the action of T on a 
is irreducible, then s is maximal in $j 
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(We can operate over the complex numbers as maximality over the complexes 
is stronger than maximality over the reals.) 

Proof. Let f) be a subalgebra such that scf)Cg with f) ^ 5. We must 
show that f) = q. Since f) is invariant under T, the image b of f) in a is stable 
under T. Since f) is strictly larger than s, the space b is not and is stable 
under T. By the irreducibility of the action of T we must have b = a so that 
f) = 0. □ 



Let us go back to the proof of Lemma A. 3 

Proof. In our case S is the lower triangular block group and so we can 
take a to be the space of matrices 

b 


We take T to be the subgroup 



(o J' 1 ) AeGL H- 



Then the action of T on o works out to be 

A,b i — > AbA 1 

which is the representation of GL(n) on the symmetric tensors of the n-space, 



which is known to be irreducible. Applying the Theorem A.4 we complete 



our proof. □ 



B Connection on a principal bundle and co- 
variant derivative 



We will relate now the definition 4.3 of connection on a principal bundle to 
the covariant derivative in associated bundles. 

Let E be an associated vector bundle to P, with standard fiber F, and 
let R : G — > End(F) be the representation of G on F. For simplicity we will 
consider G ~ R{G), although this is not necessary. We want to define the 
covariant derivative of a section of E in terms of the connection 1-form. Let 
{ei, . . . Ck} be a basis on F. A local frame of E is a set of k = rank(i?) inde- 
pendent local sections of E. We will denote it by e(m) = {ei(m), . . . efc(m)}, 
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with m G M. It can be interpreted as an invertible map e(m) : F — > E m 
such that 

e(m)(e a ) = e a (m), 

so it provides with an identification of the fiber E m with F. The set of 
frames is a principal bundle with structure group GL n . P is a subbundle of 
the bundle of frames, so a local section s : Ai — > P is a local frame of 

The pull-back T = a*u defines a local q- valued 1-form on Ai. The co- 
variant derivative of a local section of E, o = <y a e a , is given by 

V«r = (^a a + riV b ) e Q , so ri° 6 = (V;e 6 ) a . (148) 



(148) relates the definition of connection as a q- valued 1-form on P with 



the notion of covariant derivative that we have been using through the text. 



(148) is given in terms of a local section a on P, but changing the section 
gives the usual gauge transformation of the local connection 1-form on Ai. 
The coordinate independent description of the covariant derivative can be 
found for example in Ref. [23J. 



Acknowledgments. 

We are grateful to L. Andrianopoli and S. Ferrara for interesting and very 
useful discussions. 

This work is supported in part by the European Community's Human 
Potential Programme under contract MRTN-CT-2004-005104 'Constituents, 
fundamental forces and symmetries of the universe'. The work of A.V.P. is 
supported in part by the FWO - Vlaanderen, project G. 0235. 05 and by the 
Federal Office for Scientific, Technical and Cultural Affairs through the "In- 
teruniversity Attraction Poles Programme - Belgian Science Policy" P5/27. 

The work of M. A. LI. and O. M. has been supported in part by research 
grants from the Spanish Ministerio de Education y Ciencia (FIS2005-02761 
and EU FEDER funds), the Generalitat Valenciana (ACOMP06/187, GV- 
05/102). 

A.V.P. thanks the Universitat de Valencia for hospitality during a visit 
that initiated this work. M. A. LI. and O. M. want to thank the Instituut voor 
Theoretische Fysica, Katholieke Universiteit Leuven for its kind hospitality 
during part of this work. 



78 



References 

[1] G. Sierra and P. K. Townsend, An introduction to N = 2 rigid 
super symmetry, in Super symmetry and Supergravity 1983, ed. B. 
Milewski (World Scientific, Singapore, 1983) 

[2] J. Gates, S. James, Superspace formulation of new nonlinear sigma 
models, Nucl. Phys. B238 (1984) 349 

[3] B. de Wit and A. Van Proeyen, Potentials and symmetries of general 
gauged N = 2 supergravity - Yang-Mills models, Nucl. Phys. B245 
(1984) 89 

[4] A. Strominger, Special geometry, Commun. Math. Phys. 133 (1990) 
163-180 

[5] L. Castellani, R. D'Auria and S. Ferrara, Special Kahler geometry: an 
intrinsic formulation from N = 2 space-time super symmetry, Phys. 
Lett. B241 (1990) 57 

[6] L. Castellani, R. D'Auria and S. Ferrara, Special geometry without 
special coordinates, Class. Quant. Grav. 7 (1990) 1767-1790 

[7] B. Craps, F. Roose, W. Troost and A. Van Proeyen, What is special 
Kahler geometry?, Nucl. Phys. B503 (1997) 565-613, |hep-th/9703082l 

[8] D. S. Freed, Special Kahler manifolds, Commun. Math. Phys. 203 
(1999) 31-52, hep-th/9712042| 

[9] V. Cortes, C. Mayer, T. Mohaupt and F. Saueressig, Special geometry 
of Euclidean super symmetry. I: Vector multiplets, JHEP 03 (2004) 028, 
|hep-th/0312001| 

[10] V. Cortes, C. Mayer, T. Mohaupt and F. Saueressig, Special geometry 
of Euclidean super symmetry. II: Hypermultiplets and the c-map, JHEP 
06 (2005) 025, hep-th/0503094| 

[11] T. Mohaupt, New developments in special geometry, hep-th/0602171 

[12] A. Ceresole, R. D'Auria, S. Ferrara and A. Van Proeyen, Duality 
transformations in supersymmetric Yang-Mills theories coupled to 
supergravity, Nucl. Phys. B444 (1995) 92-124, [hep-th/950207"2] 



79 



[13] S. Ferrara, L. Girardello and M. Porrati, Minimal Higgs Branch for the 
Breaking of Half of the Supersymmetries in N = 2 Super gravity, Phys. 
Lett. B366 (1996) 155-159, |hep-th/9510074| 

[14] G. Lopes Cardoso, B. de Wit, J. Kappeli and T. Mohaupt, Black hole 
partition functions and duality, JHEP 03 (2006) 074, |hep-th/0601108| 



[15] S. Ferrara and O. Macia, Real symplectic formulation of local special 
geometry, Phys. Lett. B637 (2006) 102-106, |hep-th/0603111| 

[16] S. Ferrara and O. Macia, Observations on the Darboux coordinates for 
rigid special geometry, JHEP 05 (2006) 008, |hep-th/0602262| 



[17] S. Ferrara, R. Kallosh and A. Strominger, N = 2 extremal black holes, 
Phys. Rev. D52 (1995) 5412-5416, hep-th/9508072 

[18] A. Strominger, Macroscopic Entropy of N = 2 Extremal Black Holes, 



Phys. Lett. B383 (1996) 39-43, hep-th/9602111 



[19] S. Ferrara and R. Kallosh, Supersymmetry and attractors, Phys. Rev. 
D54 (1996) 1514-1524, [hepj^h/9602136] 

[20] C. M. Hull, Duality and the signature of space-time, JHEP 11 (1998) 



017, hep-th/9807127 



[21] S. Ferrara, Spinors, superalgebras and the signature of space-time, 
|hep-th/0101123| 



[22] E. Witten and J. Bagger, Quantization of Newton's constant in certain 
supergravity theories, Phys. Lett. B115 (1982) 202 

[23] S. Kobayashi and K. Nomizu, Foundations of Differential Geometry. 
John Wiley and Sons Inc., 1996 

[24] A. Newlander and L. Nirenberg, Complex analytic coordinates in 
complex manifolds, Ann. of Math. 63 (1957) 391-404 

[25] S. Kobayashi, Differential Geometry of complex vector bundles. 
Iwanami Shoten Publishers and Princeton University Press., 1987 

[26] S. K. Donaldson and P. B. Kronheimer, The Geometry of 

Four- Manifolds. Oxford Science Publications, Clarendon Press, 19906 



80 



[27] E. Bergshoeff, S. Cucu, T. de Wit, J. Gheerardyn, R. Halbersma, 
S. Vandoren and A. Van Proeyen, Superconformal N = 2, D = 5 
matter with and without actions, JHEP 10 (2002) 045, 
|hep-th/0205230| 

[28] O. Griffiths and J. Harris, Principles of algebraic geometry. Wiley, 1978 

[29] R. Kallosh, L. Kofman, A. D. Linde and A. Van Proeyen, 

Superconformal symmetry, supergravity and cosmology, Class. Quant. 



Grav. 17 (2000) 4269-4338, hep-th/0006179, E: 21 (2004) 5017 



[30] A. Van Proeyen, Special geometries, from real to quaternionic, 

hep-th/01 10263, proceedings of the 'Workshop on special geometric 
structures in string theory', Bonn, 8-11/9/2001; Electronic library of 
Mathematics: |http : / / w ww. emis . de / pro ceedin gs / SGSST2001/ 



81 



